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1 Global definitions
In R, the position and velocity vectors are given by x = (x) and u = (u), respectively.
Discrete velocity vectors:

{ci}3i=1 =
((
0
)
,
(
1
)
,
(
−1

))
.
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Equilibrium DF vector feq:

feq =

 1− c2s − u2

1
2u+ 1

2c
2
s +

1
2u

2

− 1
2u+ 1

2c
2
s +

1
2u

2

 .

Lattice speed of sound: cs =
1√
3
.

Moments µ = (µ1, µ2, µ3)
T are given by

µ = M̃f ,

where f = (f1, f2, f3)
T and

M̃ =

1 1 1
0 1 −1
0 1 1

 .

2 SRT
2.1 Definitions
Matrix A = S:

A =

ω 0 0
0 ω 0
0 0 ω

 .

where
S = diag(ω, ω, ω).

Matrix B:

B =

 0 −1 + ω −1 + ω
−1 + ω 0 −1 + ω
−1 + ω −1 + ω 0

 .

2.2 EFDE for µ1

µt+δt
1,x =

2∑
`=0

`+1∑
i=−`−1

α
[µ1],t−`δt
x+iδl

µt−`δt
x+iδl

,

where the non-zero coefficients are given by:
α
[µ1],t
x−δl

= 1 + 1
2uω − ω + 1

2cs
2ω + 1

2u
2ω.

α
[µ1],t
x = 1− cs

2ω − u2ω.

α
[µ1],t
x+δl

= 1− 1
2uω − ω + 1

2cs
2ω + 1

2u
2ω.

α
[µ1],t−δt
x−δl

= −1 + 1
2uω

2 − 1
2uω + ω + 1

2cs
2ω + 1

2u
2ω − 1

2u
2ω2 − 1

2cs
2ω2,

α
[µ1],t−δt
x = −1 + 2ω − cs

2ω − u2ω − ω2 + u2ω2 + cs
2ω2,

α
[µ1],t−δt
x+δl

= −1− 1
2uω

2 + 1
2uω + ω + 1

2cs
2ω + 1

2u
2ω − 1

2u
2ω2 − 1

2cs
2ω2,
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α
[µ1],t−2δt
x = 1− 2ω + ω2,

2.3 EFDE for µ2

µt+δt
2,x =

2∑
`=0

`+1∑
i=−`−1

α
[µ1],t−`δt
x+iδl

µt−`δt
x+iδl

+

2∑
`=0

`+1∑
i=−`−1

α
[µ2],t−`δt
x+iδl

µt−`δt
2,x+iδl

,

where the non-zero coefficients are given by:
α
[µ1],t
x−δl

= 1 + 1
2uω − ω + 1

2cs
2ω + 1

2u
2ω.

α
[µ1],t
x+δl

= −1 + 1
2uω + ω − 1

2cs
2ω − 1

2u
2ω.

α
[µ1],t−δt
x−δl

= −1 + ω + cs
2ω + u2ω − u2ω2 − cs

2ω2,

α
[µ2],t−δt
x−δl

= 1− 2ω + ω2,

α
[µ1],t−δt
x = −uω2 + uω,

α
[µ2],t−δt
x = 1− 2ω + ω2,

α
[µ1],t−δt
x+δl

= 1− ω − cs
2ω − u2ω + u2ω2 + cs

2ω2,

α
[µ2],t−δt
x+δl

= 1− 2ω + ω2,

α
[µ1],t−2δt
x = −2uω3 + 4uω2 − 2uω,

α
[µ2],t−2δt
x = −2 + 6ω − 6ω2 + 2ω3,

2.4 EFDE for µ3

µt+δt
3,x =

2∑
`=0

`+1∑
i=−`−1

α
[µ1],t−`δt
x+iδl

µt−`δt
x+iδl

+

2∑
`=0

`+1∑
i=−`−1

α
[µ3],t−`δt
x+iδl

µt−`δt
3,x+iδl

,

where the non-zero coefficients are given by:
α
[µ1],t
x−δl

= 1 + 1
2uω − ω + 1

2cs
2ω + 1

2u
2ω.

α
[µ1],t
x+δl

= 1− 1
2uω − ω + 1

2cs
2ω + 1

2u
2ω.

α
[µ1],t−δt
x−δl

= −1 + ω + cs
2ω + u2ω − u2ω2 − cs

2ω2,

α
[µ3],t−δt
x−δl

= 1− 2ω + ω2,
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α
[µ1],t−δt
x = −2 + 4ω − cs

2ω − u2ω − 2ω2 + u2ω2 + cs
2ω2,

α
[µ3],t−δt
x = 1− 2ω + ω2,

α
[µ1],t−δt
x+δl

= −1 + ω + cs
2ω + u2ω − u2ω2 − cs

2ω2,

α
[µ3],t−δt
x+δl

= 1− 2ω + ω2,

α
[µ1],t−2δt
x = 2− 4ω − 2cs

2ω − 2u2ω + 2ω2 − 2cs
2ω3 + 4u2ω2 + 4cs

2ω2 − 2u2ω3,

α
[µ3],t−2δt
x = −2 + 6ω − 6ω2 + 2ω3,

3 MRT
3.1 Definitions
Matrix A = M−1SM:

A =

ω0 ω0 − ω2 ω0 − ω2

0 1
2ω2 +

1
2ω1

1
2ω2 − 1

2ω1

0 1
2ω2 − 1

2ω1
1
2ω2 +

1
2ω1

 ,

where
S = diag(ω0, ω1, ω2)

and

M =

1 1 1
0 1 −1
0 1 1

 .

Matrix B:

B =

 0 −1 + ω2 −1 + ω2

−1 + 1
2ω2 +

1
2ω1 0 −1 + ω1

−1 + 1
2ω2 +

1
2ω1 −1 + ω1 0

 .

3.2 EFDE for µ1

µt+δt
1,x =

2∑
`=0

`+1∑
i=−`−1

α
[µ1],t−`δt
x+iδl

µt−`δt
x+iδl

,

where the non-zero coefficients are given by:
α
[µ1],t
x−δl

= 1 + 1
2ω2cs

2 + 1
2ω2u

2 − 1
2ω2 +

1
2uω1 − 1

2ω1.

α
[µ1],t
x = 1− ω2cs

2 − ω2u
2.

α
[µ1],t
x+δl

= 1 + 1
2ω2cs

2 + 1
2ω2u

2 − 1
2ω2 − 1

2uω1 − 1
2ω1.

α
[µ1],t−δt
x−δl

= −1 + 1
2ω2cs

2 + 1
2ω2u

2 + 1
2ω2 − 1

2ω2u
2ω1 − 1

2uω1 − 1
2ω2cs

2ω1 +
1
2ω2uω1 +

1
2ω1,

α
[µ1],t−δt
x = −1− ω2cs

2 − ω2u
2 + ω2 + ω2u

2ω1 − ω2ω1 + ω2cs
2ω1 + ω1,
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α
[µ1],t−δt
x+δl

= −1 + 1
2ω2cs

2 + 1
2ω2u

2 + 1
2ω2 − 1

2ω2u
2ω1 +

1
2uω1 − 1

2ω2cs
2ω1 − 1

2ω2uω1 +
1
2ω1,

α
[µ1],t−2δt
x = 1− ω2 + ω2ω1 − ω1,

3.3 EFDE for µ2

µt+δt
2,x =

2∑
`=0

`+1∑
i=−`−1

α
[µ1],t−`δt
x+iδl

µt−`δt
x+iδl

+

2∑
`=0

`+1∑
i=−`−1

α
[µ2],t−`δt
x+iδl

µt−`δt
2,x+iδl

,

where the non-zero coefficients are given by:
α
[µ1],t
x−δl

= 1 + 1
2ω2cs

2 + 1
2ω2u

2 − 1
2ω2 +

1
2uω1 − 1

2ω1.

α
[µ1],t
x+δl

= −1− 1
2ω2cs

2 − 1
2ω2u

2 + 1
2ω2 +

1
2uω1 +

1
2ω1.

α
[µ1],t−δt
x−δl

= −1 + ω2cs
2 + ω2u

2 + 1
2ω2 − 1

2ω2u
2ω1 − 1

2ω2cs
2ω1 − 1

2ω
2
2u

2 − 1
2ω

2
2cs

2 + 1
2ω1,

α
[µ2],t−δt
x−δl

= 1− 3
2ω2 +

1
2ω

2
2 +

1
2ω2ω1 − 1

2ω1,

α
[µ1],t−δt
x = −uω2

1 + uω1,

α
[µ2],t−δt
x = 1 + ω2

1 − 2ω1,

α
[µ1],t−δt
x+δl

= 1− ω2cs
2 − ω2u

2 − 1
2ω2 +

1
2ω2u

2ω1 +
1
2ω2cs

2ω1 +
1
2ω

2
2u

2 + 1
2ω

2
2cs

2 − 1
2ω1,

α
[µ2],t−δt
x+δl

= 1− 3
2ω2 +

1
2ω

2
2 +

1
2ω2ω1 − 1

2ω1,

α
[µ1],t−2δt
x = uω2

1 − 2uω1 − ω2
2uω1 + 3ω2uω1 − ω2uω

2
1 ,

α
[µ2],t−2δt
x = −2 + ω2ω

2
1 − ω2

1 + 3ω2 − ω2
2 − 4ω2ω1 + ω2

2ω1 + 3ω1,

3.4 EFDE for µ3

µt+δt
3,x =

2∑
`=0

`+1∑
i=−`−1

α
[µ1],t−`δt
x+iδl

µt−`δt
x+iδl

+

2∑
`=0

`+1∑
i=−`−1

α
[µ3],t−`δt
x+iδl

µt−`δt
3,x+iδl

,

where the non-zero coefficients are given by:
α
[µ1],t
x−δl

= 1 + 1
2ω2cs

2 + 1
2ω2u

2 − 1
2ω2 +

1
2uω1 − 1

2ω1.

α
[µ1],t
x+δl

= 1 + 1
2ω2cs

2 + 1
2ω2u

2 − 1
2ω2 − 1

2uω1 − 1
2ω1.

α
[µ1],t−δt
x−δl

= −1 + ω2cs
2 + ω2u

2 + 1
2ω2 − 1

2ω2u
2ω1 − 1

2ω2cs
2ω1 − 1

2ω
2
2u

2 − 1
2ω

2
2cs

2 + 1
2ω1,

5



α
[µ3],t−δt
x−δl

= 1− 3
2ω2 +

1
2ω

2
2 +

1
2ω2ω1 − 1

2ω1,

α
[µ1],t−δt
x = −2− ω2cs

2 − ω2
1 − ω2u

2 + ω2 + ω2u
2ω1 − ω2ω1 + ω2cs

2ω1 + 3ω1,

α
[µ3],t−δt
x = 1 + ω2

1 − 2ω1,

α
[µ1],t−δt
x+δl

= −1 + ω2cs
2 + ω2u

2 + 1
2ω2 − 1

2ω2u
2ω1 − 1

2ω2cs
2ω1 − 1

2ω
2
2u

2 − 1
2ω

2
2cs

2 + 1
2ω1,

α
[µ3],t−δt
x+δl

= 1− 3
2ω2 +

1
2ω

2
2 +

1
2ω2ω1 − 1

2ω1,

α
[µ1],t−2δt
x = 2− 2ω2cs

2 + ω2
1 − ω2u

2ω2
1 − 2ω2u

2 − ω2 − ω2
2cs

2ω1 + 3ω2u
2ω1 + ω2ω1 − ω2

2u
2ω1 + 3ω2cs

2ω1 +
ω2
2u

2 + ω2
2cs

2 − 3ω1 − ω2cs
2ω2

1 ,

α
[µ3],t−2δt
x = −2 + ω2ω

2
1 − ω2

1 + 3ω2 − ω2
2 − 4ω2ω1 + ω2

2ω1 + 3ω1,

4 CLBM
4.1 Definitions
Matrix A = K−1SK:

A1,1 = 2ω1u
2 − u2ω2 + ω0 − ω0u

2,

A1,2 = (2ω1u− ω0 − u(ω0 + ω2) + ω2)(−1 + u),

A1,3 = (2ω1u+ ω0 − u(ω0 + ω2)− ω2)(1 + u),

A2,1 = −1

2
(ω1(1 + 2u)− ω0 − u(ω0 + ω2))u,

A2,2 = −ω1u
2 +

1

2
ω1 +

1

2
ω1u+

1

2
u2ω2 − uω2 +

1

2
ω0u

2 +
1

2
ω2 +

1

2
ω0u,

A2,3 = −1

2
(ω1(1 + 2u)− u(ω0 + ω2)− ω2)(1 + u),

A3,1 = −1

2
(ω0 + ω1(−1 + 2u)− u(ω0 + ω2))u,

A3,2 = −1

2
(−1 + u)(ω1(−1 + 2u)− u(ω0 + ω2) + ω2),

A3,3 = −ω1u
2 +

1

2
ω1 −

1

2
ω1u+

1

2
u2ω2 + uω2 +

1

2
ω0u

2 +
1

2
ω2 −

1

2
ω0u.

where
S = diag(ω0, ω1, ω2)

and

K =

 1 1 1
−u 1− u −u− 1
u2 (1− u)2 (u+ 1)2

 .

Matrix B:

B =

 0 −1 + 2ω1u− 2uω2 + ω2 −1− 2ω1u+ 2uω2 + ω2

−1 + 1
2ω1 + ω1u− uω2 +

1
2ω2 0 −1 + ω1 + 2ω1u− 2uω2

−1 + 1
2ω1 − ω1u+ uω2 +

1
2ω2 −1 + ω1 − 2ω1u+ 2uω2 0

 .
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4.2 EFDE for µ1

µt+δt
1,x =

2∑
`=0

`+1∑
i=−`−1

α
[µ1],t−`δt
x+iδl

µt−`δt
x+iδl

,

where the non-zero coefficients are given by:
α
[µ1],t
x−δl

= 1 + u2ω1 − 1
2ω2 +

1
2ω2cs

2 + ω2u− 1
2ω1 − 1

2ω2u
2 − 1

2uω1.

α
[µ1],t
x = 1− 2u2ω1 − ω2cs

2 + ω2u
2.

α
[µ1],t
x+δl

= 1 + u2ω1 − 1
2ω2 +

1
2ω2cs

2 − ω2u− 1
2ω1 − 1

2ω2u
2 + 1

2uω1.

α
[µ1],t−δt
x−δl

= −1− 1
2ω2cs

2ω1 + u2ω1 +
1
2ω2 − 1

2ω2u
2ω1 +

1
2ω2cs

2 − ω2u+ 1
2ω2uω1 +

1
2ω1 − 1

2ω2u
2 + 1

2uω1,

α
[µ1],t−δt
x = −1 + ω2cs

2ω1 − 2u2ω1 + ω2 + ω2u
2ω1 − ω2cs

2 − ω2ω1 + ω1 + ω2u
2,

α
[µ1],t−δt
x+δl

= −1− 1
2ω2cs

2ω1 + u2ω1 +
1
2ω2 − 1

2ω2u
2ω1 +

1
2ω2cs

2 + ω2u− 1
2ω2uω1 +

1
2ω1 − 1

2ω2u
2 − 1

2uω1,

α
[µ1],t−2δt
x = 1− ω2 + ω2ω1 − ω1,

4.3 EFDE for µ2

µt+δt
2,x =

2∑
`=0

`+1∑
i=−`−1

α
[µ1],t−`δt
x+iδl

µt−`δt
x+iδl

+

2∑
`=0

`+1∑
i=−`−1

α
[µ2],t−`δt
x+iδl

µt−`δt
2,x+iδl

,

where the non-zero coefficients are given by:
α
[µ1],t
x−δl

= 1 + u2ω1 − 1
2ω2 +

1
2ω2cs

2 + ω2u− 1
2ω1 − 1

2ω2u
2 − 1

2uω1.

α
[µ1],t
x+δl

= −1− u2ω1 +
1
2ω2 − 1

2ω2cs
2 + ω2u+ 1

2ω1 +
1
2ω2u

2 − 1
2uω1.

α
[µ1],t−δt
x−δl

= −1− 1
2ω2cs

2ω1 + 3ω2u
3ω1 +

1
2ω

2
2u

2 + 2u2ω1 +
1
2ω2 + ω2

2cs
2u− 2u3ω2

1 − ω2
2u

3 − 1
2ω2u

2ω1 + ω2cs
2 −

u2ω2
1 − ω2cs

2uω1 − ω2u− 1
2ω

2
2cs

2 + 1
2ω1 − ω2u

2 + uω1,

α
[µ2],t−δt
x−δl

= 1 + 2ω2
2u

2 − 3
2ω2 − 4ω2u

2ω1 + 2u2ω2
1 − 2ω2

2u+ 1
2ω2ω1 + uω2

1 + 3ω2u+ ω2uω1 − 1
2ω1 +

1
2ω

2
2 − 3uω1,

α
[µ1],t−δt
x = −6ω2u

3ω1 − 2ω2
2cs

2u+ 4u3ω2
1 + 2ω2

2u
3 + 2ω2

2u+ 2ω2cs
2uω1 − uω2

1 − 2ω2u− 2ω2uω1 + 3uω1,

α
[µ2],t−δt
x = 1− 4ω2

2u
2 + ω2

1 + 8ω2u
2ω1 − 4u2ω2

1 − 2ω1,

α
[µ1],t−δt
x+δl

= 1 + 1
2ω2cs

2ω1 + 3ω2u
3ω1 − 1

2ω
2
2u

2 − 2u2ω1 − 1
2ω2 + ω2

2cs
2u− 2u3ω2

1 − ω2
2u

3 + 1
2ω2u

2ω1 − ω2cs
2 +

u2ω2
1 − ω2cs

2uω1 − ω2u+ 1
2ω

2
2cs

2 − 1
2ω1 + ω2u

2 + uω1,

α
[µ2],t−δt
x+δl

= 1 + 2ω2
2u

2 − 3
2ω2 − 4ω2u

2ω1 + 2u2ω2
1 + 2ω2

2u+ 1
2ω2ω1 − uω2

1 − 3ω2u− ω2uω1 − 1
2ω1 +

1
2ω

2
2 + 3uω1,
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α
[µ1],t−2δt
x = −2ω2

2u− ω2
2uω1 + uω2

1 + 2ω2u+ 5ω2uω1 − ω2uω
2
1 − 4uω1,

α
[µ2],t−2δt
x = −2 + 3ω2 + ω2ω

2
1 − ω2

1 − 4ω2ω1 + ω2
2ω1 + 3ω1 − ω2

2 ,

4.4 EFDE for µ3

µt+δt
3,x =

2∑
`=0

`+1∑
i=−`−1

α
[µ1],t−`δt
x+iδl

µt−`δt
x+iδl

+

2∑
`=0

`+1∑
i=−`−1

α
[µ3],t−`δt
x+iδl

µt−`δt
3,x+iδl

,

where the non-zero coefficients are given by:
α
[µ1],t
x−δl

= 1 + u2ω1 − 1
2ω2 +

1
2ω2cs

2 + ω2u− 1
2ω1 − 1

2ω2u
2 − 1

2uω1.

α
[µ1],t
x+δl

= 1 + u2ω1 − 1
2ω2 +

1
2ω2cs

2 − ω2u− 1
2ω1 − 1

2ω2u
2 + 1

2uω1.

α
[µ1],t−δt
x−δl

= −1− 1
2ω2cs

2ω1 + 3ω2u
3ω1 +

1
2ω

2
2u

2 + 2u2ω1 +
1
2ω2 + ω2

2cs
2u− 2u3ω2

1 − ω2
2u

3 − 1
2ω2u

2ω1 + ω2cs
2 −

u2ω2
1 − ω2cs

2uω1 − ω2u− 1
2ω

2
2cs

2 + 1
2ω1 − ω2u

2 + uω1,

α
[µ3],t−δt
x−δl

= 1 + 2ω2
2u

2 − 3
2ω2 − 4ω2u

2ω1 + 2u2ω2
1 − 2ω2

2u+ 1
2ω2ω1 + uω2

1 + 3ω2u+ ω2uω1 − 1
2ω1 +

1
2ω

2
2 − 3uω1,

α
[µ1],t−δt
x = −2 + ω2cs

2ω1 + 4ω2
2u

2 − 2u2ω1 + ω2 − ω2
1 − 7ω2u

2ω1 − ω2cs
2 + 4u2ω2

1 − ω2ω1 + 3ω1 + ω2u
2,

α
[µ3],t−δt
x = 1− 4ω2

2u
2 + ω2

1 + 8ω2u
2ω1 − 4u2ω2

1 − 2ω1,

α
[µ1],t−δt
x+δl

= −1− 1
2ω2cs

2ω1 − 3ω2u
3ω1 +

1
2ω

2
2u

2 + 2u2ω1 +
1
2ω2 − ω2

2cs
2u+ 2u3ω2

1 + ω2
2u

3 − 1
2ω2u

2ω1 + ω2cs
2 −

u2ω2
1 + ω2cs

2uω1 + ω2u− 1
2ω

2
2cs

2 + 1
2ω1 − ω2u

2 − uω1,

α
[µ3],t−δt
x+δl

= 1 + 2ω2
2u

2 − 3
2ω2 − 4ω2u

2ω1 + 2u2ω2
1 + 2ω2

2u+ 1
2ω2ω1 − uω2

1 − 3ω2u− ω2uω1 − 1
2ω1 +

1
2ω

2
2 + 3uω1,

α
[µ1],t−2δt
x = 2 + 3ω2cs

2ω1 − 5ω2
2u

2 − 4u2ω1 − ω2 − ω2u
2ω2

1 + ω2
1 + 11ω2u

2ω1 − 2ω2cs
2 − 2u2ω2

1 + ω2ω1 −
ω2cs

2ω2
1 − ω2

2u
2ω1 + ω2

2cs
2 − 3ω1 − ω2

2cs
2ω1 + 2ω2u

2,

α
[µ3],t−2δt
x = −2 + 3ω2 + ω2ω

2
1 − ω2

1 − 4ω2ω1 + ω2
2ω1 + 3ω1 − ω2

2 ,
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