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1 Global definitions

In R, the position and velocity vectors are given by x = () and uw = (u), respectively.
Discrete velocity vectors:
{e:}is = ((0), (1), (=1))-



Equilibrium DF vector f¢9:

1—c2—u?
FU=| su+ i+ i?
_1 12,12
U+ 3¢5 + 35U
. . . 1
Lattice speed of sound: ¢, = 7
Moments p = (1, pa, ,ug)T are given by _
I'l’ - Mf7
where f = (fl,fg,fg)T and
/111
M=|0 1 -1
01 1
2 SRT
2.1 Definitions
Matrix A = S:
w 0 0
A=10 w 0
0 0 w
where
S = diag(w, w,w).
Matrix B:
0 14w —-14w
B=|-1+4+uw 0 14w

14w —-14w 0

2.2 EFDE for u,

2 l+1
t+38; _ Z Z [n1],t—£6¢  t—05,
lu’l,a? - aw+i5l 'U/I-Q—i(sﬂ
£=0i=—¢—1

where the non-zero coefficients are given by:
(it _ 1 1.2 1,2

a, s =1+ s5uw —w+ 567w + suw.
11],t

ag it 1 _ Cs2w — ulw.

t
alit g Tuw — w + etw + Sulw.

x+0;

gt_lls’lt_é‘ =—1+ %uwZ — %uw 4w+ %cszw + %u2w — %quQ — %cssz,
a&‘”}’t*ét = —14 2w — c2w — 12w — w? + v2w? + c2w?,
akﬂ;}tiét =—-1- %uwQ + %uw +w+ %CSQUJ + %qu - %quQ — %052(,02,



aLHl],t*Q(st —1— 20+ wg’

2.3 EFDE for us

2 +1 2 41
t+86: § 2 : [p1],t—26, t £ E E [na],t—£5  t—06,
:u2 x x+u§l eruSL + am+i51 2,x+1d;°
=0i=—(—1 =01i=—4—1
where the non-zero coefficients are given by:
[pilt _ 1 1.2 1,2
a, 5 = 1+ JUW — W+ 567w + FuUTW.
[pilt 1 1.2 1,2
am+51——1+§uw+w— sTW— SUTW.
t—§
a_[ﬁ“_llgl = o1 4w+ 2w + vlPw — uPw? — c2w?,
[:“‘2]7t_5t — 2
b, =1-2w+ w?,
t—§
Al = 4w,
=5
Oé'[rHQ] t :1_2w+w2,
[p1lt=0¢ _ 2 2 2 2 2,2
. =1—-w—cs"w—u'w+ uw® + cscw?,
[m2]t—=6; __ 2
Qs =1-2w+ w?,
=26,
ol t = —2uwd + duw? — 2uw,
t—26
a2 = o 4 6w — 6w? + 2wB,
2.4 EFDE for us
2 +1 2 41
t+6; Z Z [n1],t—L8¢ t £5¢ } : 2 : (3], t—L£5¢  t—45;
/.L3 x :chusl $+z51 + am+i51 3,x+1d;?
0=0i=—t—1 =0 i=—0—1

where the non-zero coefﬁcients are given by:

0‘:[1;”71157, =14 tuw — w + 3¢’w + Fulw.

04&.;.151 =1- tuw —w+ 3c’w + Fulw.

a,git_l}s}t_ét = -1+ w+ c2w+ 1w — vPw? — ¢, 2W?,
sl = =1 90 402,

2




=6
oz,gf“]' f= 2 4 dw — 2w — vPw — 2w? + uPw? + c2W?,

ay“}’t_ét =1- 2w+ w?,

ozg‘_ig’lt_é‘ = 14w+ 2w + vlw — v?w? — ¢, 2w?,

R
a,gf”]’t*%t =2 — 4w — 2¢2w — 202w + 2w? — 2¢,2wW3 + AuPw? + 4des2w? — 2uPw3,
Q=20 9 1 6y — 6w? + 2w,

3 MRT

3.1 Definitions

Matrix A = M~ 1SM:
wo wWo — w2 wo — w2
A=1{0 %m + %wl %wz - %Wl :
0 5W2 — 5W1 FW2 + W1

where
S = diag(wo, Wi, LUQ)
and
1 1 1
M=|0 1 -1
01 1
Matrix B:
0 71 + %) 71 + w9
B= 71+%w2+%w1 0 14w
71+§WQ+§(U1 714’&)1 0
3.2 EFDE for 1
2 +1
460 __ § E [n1],t—L6¢  t—08;
lu17£E - aat+i5l lu’m—&-i(sﬂ
£=0 i=—(—1
where the non-zero coeflicients are given by:
[l t 1 21 2 1 1 1
v = 1+ qwacs® + jwau’ — qwa + Fuwy — FW1.
t
ol — 1 e, — wou?.
(]t _ 1 2 1 2 1 1 1
oo, = 11 3wacs”™ + jwau” — Fwr — FuUw — FWi.
;t—0¢
a_[ﬁ“_lgl =1+ %wgcf + %w2u2 + %wg - %w2u2w1 — %uwl - %Wchzwl + %wzuwl + %wl,
t—38
a;[é“]’ f=—1-— w2052 — w2u2 —+ wo + w2u2w1 — Wow1 + w2652w1 + w1,



[p1],t—0¢
x+0;

=28
aa[#l] t—

« =—-1+ %wzcsz + %wzuz + %wg — QW2u w1 + uwl — ngcs wl nguwl + %wl,

1 —wy + wowy — wi,

3.3 EFDE for us

2 41 2 l+1
t48, 2: 2: (1] t—£8:  t—06, } : 2 : [pa) t—£3¢  t—£5;
Ho T m+u§, qu+z51 + az+i§l M?,m+i§l7
£=0i=—(—-1 (=0i=—0—1

where the non-zero coefficients are given by:

T = 1 4w + wau? + Jwa — JwauPwr — Jwaeslwn — Jwdu? — Jwde,? + Jwi,
a:[;_zg,lt—ét =1- 3wy + 1w + Jwow — Lwy,
L — R
agt2]7t_6t =1+ UJ% — 20&]1,
f["fuig’ltiét =1 —wac,? — wou? — Jws + Fwotlw + swacs?wy + Fwiu? + Jwics® — Jwy,
aiujls,ltfét =1- 3w + w4 fwowr — Fwi,
a;[é“]’t_%t — uw% — 2uwi — UJ%UUJl + 3wouwy — (JJQUW%
a:[tiuﬂ],tfzfst = =2+ wow? — w? + 3wy — W3 — dwow; + wWiwy + 3w,

3.4 EFDE for us

2 41 2 41
t+8: § 2 : [m1],t—26¢ t £ E E [na],t—£5¢  t—05,
:u3 x w+z5l erzél + am+i§; u3,a:+i6l7
£=0i=—£—1 0=0i=—¢—1

where the non-zero coefficients are given by:

(1]t 1 2 1 1
o, 5,—1+ Lwge,? +§w2u—§w2+§uw1—§
[pilit 1 2 1 2 1 1 1
Qs =14 swacs” + 5wau” — Fwa — FuUwW1 — FW.
(w1l t—6¢ __ 2 2,1 1 2 1 2 2,2 1
s, = —1+ wocs® + wou” + FW2 — FWall"W] — FWaCs W1 — §w2u 70.)205 + wl,



[p3],t—0¢

agly Ot =1— Jwa + 5wd + jwawr — 3w,

M = 9 —wpe,? — wf — wat? + wy + watPw — wawy + wacsiwr + 3w,

alrslt=0v _q 4 w? — 2wy,

aiﬁl{lt—ét = 1+ wyes? + wou? + %wg _ %w2u2wl — %w2652w1 - %w%ﬁ — %w%CSQ + %wh

a,ﬁ‘j};’f“s" =1- 3w + w? + twowr — Jwi,

ag:mw_g(st =2 — 2wocs? + wi — wartwi — 2wou? — wy — wicstwy + 3waulwr + wowy — wintwy + 3wacs*wy +

w%uz + w%cﬁ — 3wi — wchwa,

=25
alfalt=200 = g4 wow? — w? + 3wy — W3 — dwow; + wiwy + 3w,

4 CLBM

4.1 Definitions
Matrix A = K~ !1SK:

A= 2wiu? — ulwy + wo — wou?,
Ao = (2wiu —wy — u(wo + wa) + wa)(—1 + u),
A5 = (2wiu 4wy — u(wo + wa) — wa)(1 + u),

1

Ay, = _§(w1(1 + 2u) — wo — u(wg + ws))u,

Ao =—w u2+1w +1w u—i—}qu — uw —l—lw u2+1w +1wu

2,2 = —Wi FW1 T 5w SUw2 21 5wWo pW2 5ol

1

Ay = —§(w1(1 +2u) — u(wo + wa) — wa2) (1 + u),
1

A371 = 75(010 +w1(—1 —+ 2u) — u(wo +LU2))U,

1
Aso = —5(—1 + u) (w1 (=1 4+ 2u) — u(wy + wa) + wa),

A 2,1 Lot Sy 4w + Swou? + & !
= —wiu —Ww] — —wW U+ —u w UW —Woll —Wy — —WoU.
3,3 1 FW1 T 5W1 9 2 21 5wWo pW2 — 5o
where
S = diag(wo, w1, w2)
and
1 1 1
K=1|—-u 1—u —u—1
u?  (1—u)? (u+1)2
Matrix B:
0 —142wiu — 2uws +wsy  —1 — 2wiu + 2uws + wo
B=|-1+1w; +wiu—uwy+ twsy 0 —1 4wy + 2wiu — 2uws
71+§W1 7W1U+U(JJ2+§CU2 71+w1 72W1U+QUWQ 0



4.2 EFDE for u,

2 4+l
t+6¢ _ [n1],t—26,  t—08,
251 T a.l,+151 'uw-‘ri(ﬁ’
£=0i=—£—1
where the non-zero coeﬂicients are given by:
a[mls =1+ uw — 7w2 + wcs + wott — 2wy — Leou? — Luw;.
=3, 2 2 2
Pt — 1 2020 — we? + wou.
it 1 1 1 1 1
0‘.%151 =1+v’w — FW2 + §w2€s2 — wall — W1 — §w2u2 + Fuw;.
=0y
a0 — 1 Lie 2wy + ulwy 4 2w — LwsuPwy 4 Lwae,? — wou + Lwpuw; + Lwy — Lwsu? + fuw
=3, 2 2 2 2 2 2 2 2 J
=6
a0 — 1 4 e 2wy — 202wy 4wy 4 watiPwy — wace? — wawy + wy + woti?,
60 1 1 1 1 1
Ezzﬁgz f=—1-— §w2052W1 + ulw + w2 — §w2u2w1 + §w2052 + watt — 2w2uw1 + UJl 2w2u2 — Suwi,
=25
Oéa[fl] f=1— wy + wowy — wy,

4.3 EFDE for u,

2 41 2 l+1
t+8: _ m 1,t—£54 t 0y [#2],t45t t—06;
25) T :L’Jrzél z+z5; z+i51 M?,aﬂ»iﬁl’
{=01i=—(—1 (=0 i=—L4—1

where the non-zero coefficients are given by'

Oé:[zruj]é;t =1+ u2w1 — %WQ + %OJQCSQ + wot — §OJ 2LU2U %le-
gﬂs}t = —1 — vw; + jwy — Fw2cs? + wau + Fwi + Fwau? — Fuwr.
O‘E”}slt % =—1- 3w2cswi + BwpuPwr + jwiu® + 2u2w1 + ws 4 wictu — 203wl — wiu® — Twouwy + wacs® —
u2w% - WQCSQUCL)l — Wau — %wgcs + wl — woti? + uwi,
ai“fl;’fﬁét =1+ 2wiu? — gwg — dwoulwy + 2utw? — 2wiu + %U.}le + uw? + 3wou + wouw; — %wl + %w% — Juws,
P = —Guputuy 2wics®u + duPwi + 2‘41%113 + 2w3u + 2wacsPuw — uw? — 2wau — 2wouwy + 3uwy,
A dwiu? + wi + Bwaulw — dulw? — 2w,
a.[zfﬂsf_ét =1+ gwacswr + waulwr — %wguz — 20wy — Jws + wicsu — 2ulw? — wiud + Twauwy — wacs® +

2

1 1
u?w? — wycsuw; — wou + §w§cs — sw1+ wotr? + uwn,

[n2],t—0: 2 3 2 2 1 2 1 1,2
s =1+ 2wiu? — Swa — dworwy + 2ulw? + 2wiu + FWowl — UWT — 3wl — Watwy — w1 + w3 + 3uwi,



=25

aL/m] f = —2w3u — wiuw; + uw? + 2wt + Swouw — wouwd — duws,
=26

a2t = 9 4 80+ waw? — w? — dwawy + wiwr + 3wy — wd,

4.4 EFDE for u;

2 {41 2 {41
t+8; Z Z 1], t—L6;  t—08; § : Z 3], t—L£8:  t—45;
/1’3 T x+u§l lur—i-uﬁ + anc—&-i& /1‘3,3c+i517
0=01i=—¢—1 0=01i=—0—1

where the non-zero coeflicients are given by:

(]t 2 1 1 2 1 1 2 _ 1
vt = 1+ uwy — 5wa + Jwacs™ + wat — 5wy — SWatt” — FUwW1.
(]t _ 2 1 1 2 1 1 21
iy = 1+ u“w; — SW2 + FW2Cs” — Wall — 5W1 — FWall + FUWY.
t—§
a[‘“g, t=—-1-— %wgcszwl + 3w2u3w1 + lwQuQ + 20wy + %wg + w%cszu — 2u3wf — w§u3 2w2u w1 + wacg? —
u2w% - w2052uw1 — Woll — w2cs + wl w2u2 + uwi,
13],t—0¢
oz;’__?’l;l =1+ 2w§u2 — %wg — dwoulwy + 2u2wf — 2w§u + %wal + uw% + 3wau + wotwy — wl + w2 Suwn,
=6
a&”l] = —2 4 wacsiwy + 4w§u2 — 20wy + wy — wf — Twou?wy — wacs? + 4u2wf — waw + 3wi + wou?,
3], t—0¢
alks] f =1 - dwiu® + w? + Swoulw) — dulw? — 2wy,
(]t =8¢ 1 2 3 1,,2,2 2 1 2,2 3,2 2 1
s, = —1— jwacs“w1 — 3wau wl—&-fw u® + 2utwy + w2 — wics U + 2ucwi + wiud — 2w2u w1 + wacs?

u2w% + w2052uw1 + wott — 1w205 + wl w2u2 — uwi,

[us]st—6¢ 2,2 3 2 2 2 2 1 2 1 1,,2
Qs =1+ 2wiu® — Swae — dwou wy + 20wy + 2wWiu + Fwawy — UWT — w2l — Wauw] — w1 + w5 + Juwi,

11],t—28¢
ag 1] t =2+ 3wacswy — 5w§u2 — 4uPw, — wy — w2u2w% + w% + 1lwou?w; — 2wacs? — 2u2wf + wowq —
wgcfw% — w%qul + w%cSQ — 3wi — w%cﬁwl + 2wou?,
3],t—26
ag[é”] f = —2+ 3wy + wow? — w? — dwow + wiwy + 3wy — w3,
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