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1 Global definitions

In RY, the position and velocity vectors are given by & = (r1) and v = (v1), respectively.



1.1 Discrete velocity vectors

Discrete velocity vectors and the lattice speed of sound are defined by

{ci ?:1 = ((0) ) (1) ) (_1)) )

L
S \/g?
respectively [IJ.
C3 Ci C2
—T-g &
—1 0 1
x

1.2 Raw and central moments

The raw and central moments are defined by

=1
and
3
ko = Zfz(cz - U)aa
i=1
respectively, where a = (1) € Z' denotes a multi-index and ¢ := [¢;]{".

1.3 Transformation matrix M

Matrix M, that defines macroscopic quantities (moments) u by

n=Mf,



with f = (f1, fo, fg)T7 is selected such that

T
w= (m(o)’mu),m@)) )

i.e., M is given by

1.4 Equilibrium

The corresponding equilibrium raw moments are defined using the continuous Maxwell-Boltzmann distribution
function [I]

as

m(ey) = / € e (€)ae,
where a € {0,1,2}. Hence, the equilibrium moments (¢ satisfy
(eq) _ 2 2 T
ptet (p, pu1, p(v1 + cs)) :

2 Spatial EPDEs

2.1 SRT
2.1.1 Definitions

Collision operator C':
C(f)=w(Mpu) —5).
€(0,2).

2.1.2 Conservation of mass equation

I
attached text file: output_d1q3_nse_srt_symbolic_pde_00.txt

Op v16, dp pd; vy _ 2 2\ v1d85 9%p
+ 75, am+6tazl+( 1+U1+368)126t0x (=14 30vf + 3

3
)125, 8::1 +
(3v32w + 2w — 6vF — 2¢2 — 1202w + 6vf + 2¢t + 24v3c? — viw — clw)

5 9'p
246w df +

(—4 — 5vdw — 32w + 1007 + 662 + 2w) sl 2y =,

2.1.3 Conservation of momentum equation

I
attached text file: output_di1q3_nse_srt_symbolic_pde_01.txt



Complete expression of PDE that can be directly imported to Maxima:
dt^(-1)*rho(t,x,y,z)*D[1](u)(t,x,y,z)*dl+1/12*(3*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^3+dt^(-1)*rho(t,x,y,z)*c_s^2*dl^3-dt^(-1)*rho(t,x,y,z)*dl^3)*D[1,1,1](u)(t,x,y,z)+D[0](rho)(t,x,y,z)+1/12*D[1,1,1](rho)(t,x,y,z)*(dt^(-1)*u(t,x,y,z)^3*dl^3-dt^(-1)*u(t,x,y,z)*dl^3+3*dt^(-1)*u(t,x,y,z)*c_s^2*dl^3)-1/24*D[1,1,1,1](rho)(t,x,y,z)*(dt^(-1)*c_s^4*dl^4-24*dt^(-1)*u(t,x,y,z)^2*c_s^2*omega^(-1)*dl^4+3*dt^(-1)*u(t,x,y,z)^4*dl^4-dt^(-1)*c_s^2*dl^4+2*dt^(-1)*c_s^2*omega^(-1)*dl^4-3*dt^(-1)*u(t,x,y,z)^2*dl^4+6*dt^(-1)*u(t,x,y,z)^2*omega^(-1)*dl^4-2*dt^(-1)*c_s^4*omega^(-1)*dl^4+12*dt^(-1)*u(t,x,y,z)^2*c_s^2*dl^4-6*dt^(-1)*u(t,x,y,z)^4*omega^(-1)*dl^4)+1/12*(2*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^4+6*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*omega^(-1)*dl^4-5*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*dl^4-4*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*omega^(-1)*dl^4+10*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*omega^(-1)*dl^4-3*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*dl^4)*D[1,1,1,1](u)(t,x,y,z)+dt^(-1)*u(t,x,y,z)*D[1](rho)(t,x,y,z)*dl=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dt^(-1)*u*dl
D[1](u)
	dt^(-1)*rho*dl
D[0](rho)
	1
D[1,1,1](rho)
	1/12*dt^(-1)*u^3*dl^3-1/12*dt^(-1)*u*dl^3+1/4*dt^(-1)*u*c_s^2*dl^3
D[1,1,1](u)
	1/4*dt^(-1)*rho*u^2*dl^3+1/12*dt^(-1)*rho*c_s^2*dl^3-1/12*dt^(-1)*rho*dl^3
D[1,1,1,1](rho)
	-1/24*dt^(-1)*c_s^4*dl^4+dt^(-1)*u^2*c_s^2*omega^(-1)*dl^4-1/8*dt^(-1)*u^4*dl^4+1/24*dt^(-1)*c_s^2*dl^4-1/12*dt^(-1)*c_s^2*omega^(-1)*dl^4+1/8*dt^(-1)*u^2*dl^4-1/4*dt^(-1)*u^2*omega^(-1)*dl^4+1/12*dt^(-1)*c_s^4*omega^(-1)*dl^4-1/2*dt^(-1)*u^2*c_s^2*dl^4+1/4*dt^(-1)*u^4*omega^(-1)*dl^4
D[1,1,1,1](u)
	1/6*dt^(-1)*rho*u*dl^4+1/2*dt^(-1)*rho*u*c_s^2*omega^(-1)*dl^4-5/12*dt^(-1)*rho*u^3*dl^4-1/3*dt^(-1)*rho*u*omega^(-1)*dl^4+5/6*dt^(-1)*rho*u^3*omega^(-1)*dl^4-1/4*dt^(-1)*rho*u*c_s^2*dl^4




LBMAT
output_d1q3_nse_srt_symbolic_pde_00.txt


Complete expression of PDE that can be directly imported to Maxima:
-1/12*(dt^(-1)*rho(t,x,y,z)*dl^4-14*dt^(-1)*rho(t,x,y,z)*c_s^4*omega^(-1)*dl^4+18*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*c_s^2*dl^4-432*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*c_s^2*omega^(-3)*dl^4-310*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^4*omega^(-1)*dl^4-12*dt^(-1)*rho(t,x,y,z)*omega^(-3)*dl^4+dt^(-1)*rho(t,x,y,z)*c_s^4*dl^4+648*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*c_s^2*omega^(-2)*dl^4+22*dt^(-1)*rho(t,x,y,z)*c_s^2*omega^(-1)*dl^4+29*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^4*dl^4+154*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*omega^(-1)*dl^4+18*dt^(-1)*rho(t,x,y,z)*omega^(-2)*dl^4-378*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*omega^(-2)*dl^4-8*dt^(-1)*rho(t,x,y,z)*omega^(-1)*dl^4-504*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^4*omega^(-3)*dl^4-54*dt^(-1)*rho(t,x,y,z)*c_s^2*omega^(-2)*dl^4-252*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*c_s^2*omega^(-1)*dl^4-24*dt^(-1)*rho(t,x,y,z)*c_s^4*omega^(-3)*dl^4+756*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^4*omega^(-2)*dl^4+252*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*omega^(-3)*dl^4-2*dt^(-1)*rho(t,x,y,z)*c_s^2*dl^4+36*dt^(-1)*rho(t,x,y,z)*c_s^4*omega^(-2)*dl^4-14*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^4+36*dt^(-1)*rho(t,x,y,z)*c_s^2*omega^(-3)*dl^4)*D[1,1,1,1](u)(t,x,y,z)+rho(t,x,y,z)*D[0](u)(t,x,y,z)+3*D[1](u)(t,x,y,z)^2*(2*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*omega^(-1)*dl^2-dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^2)+2*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*D[1](u)(t,x,y,z)*dl-1/2*(dt^(-1)*u(t,x,y,z)^3*dl^2-6*dt^(-1)*u(t,x,y,z)*c_s^2*omega^(-1)*dl^2-dt^(-1)*u(t,x,y,z)*dl^2+2*dt^(-1)*u(t,x,y,z)*omega^(-1)*dl^2+3*dt^(-1)*u(t,x,y,z)*c_s^2*dl^2-2*dt^(-1)*u(t,x,y,z)^3*omega^(-1)*dl^2)*D[1,1](rho)(t,x,y,z)+u(t,x,y,z)*D[0](rho)(t,x,y,z)-D[1](rho)(t,x,y,z)*D[1](u)(t,x,y,z)*(2*dt^(-1)*omega^(-1)*dl^2+3*dt^(-1)*u(t,x,y,z)^2*dl^2+2*dt^(-1)*c_s^2*dl^2-4*dt^(-1)*c_s^2*omega^(-1)*dl^2-6*dt^(-1)*u(t,x,y,z)^2*omega^(-1)*dl^2-dt^(-1)*dl^2)-1/12*D[1,1,1,1](rho)(t,x,y,z)*(216*dt^(-1)*u(t,x,y,z)*c_s^4*omega^(-2)*dl^4-144*dt^(-1)*u(t,x,y,z)^5*omega^(-3)*dl^4-6*dt^(-1)*u(t,x,y,z)*c_s^2*dl^4+132*dt^(-1)*u(t,x,y,z)*c_s^2*omega^(-3)*dl^4+9*dt^(-1)*u(t,x,y,z)^5*dl^4+98*dt^(-1)*u(t,x,y,z)^3*omega^(-1)*dl^4+216*dt^(-1)*u(t,x,y,z)^5*omega^(-2)*dl^4-198*dt^(-1)*u(t,x,y,z)*c_s^2*omega^(-2)*dl^4-144*dt^(-1)*u(t,x,y,z)*c_s^4*omega^(-3)*dl^4-404*dt^(-1)*u(t,x,y,z)^3*c_s^2*omega^(-1)*dl^4-8*dt^(-1)*u(t,x,y,z)*omega^(-1)*dl^4+34*dt^(-1)*u(t,x,y,z)^3*c_s^2*dl^4+dt^(-1)*u(t,x,y,z)*dl^4+18*dt^(-1)*u(t,x,y,z)*omega^(-2)*dl^4+156*dt^(-1)*u(t,x,y,z)^3*omega^(-3)*dl^4+78*dt^(-1)*u(t,x,y,z)*c_s^2*omega^(-1)*dl^4-90*dt^(-1)*u(t,x,y,z)^5*omega^(-1)*dl^4+5*dt^(-1)*u(t,x,y,z)*c_s^4*dl^4+1008*dt^(-1)*u(t,x,y,z)^3*c_s^2*omega^(-2)*dl^4-10*dt^(-1)*u(t,x,y,z)^3*dl^4-12*dt^(-1)*u(t,x,y,z)*omega^(-3)*dl^4-672*dt^(-1)*u(t,x,y,z)^3*c_s^2*omega^(-3)*dl^4-82*dt^(-1)*u(t,x,y,z)*c_s^4*omega^(-1)*dl^4-234*dt^(-1)*u(t,x,y,z)^3*omega^(-2)*dl^4)-1/2*D[1,1](u)(t,x,y,z)*(3*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^2+dt^(-1)*rho(t,x,y,z)*c_s^2*dl^2+2*dt^(-1)*rho(t,x,y,z)*omega^(-1)*dl^2-2*dt^(-1)*rho(t,x,y,z)*c_s^2*omega^(-1)*dl^2-6*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*omega^(-1)*dl^2-dt^(-1)*rho(t,x,y,z)*dl^2)-1/12*D[1,1,1](rho)(t,x,y,z)*(36*dt^(-1)*u(t,x,y,z)^4*omega^(-1)*dl^3-24*dt^(-1)*u(t,x,y,z)^2*c_s^2*dl^3-144*dt^(-1)*u(t,x,y,z)^2*c_s^2*omega^(-2)*dl^3+12*dt^(-1)*c_s^4*omega^(-1)*dl^3-36*dt^(-1)*u(t,x,y,z)^2*omega^(-1)*dl^3+7*dt^(-1)*u(t,x,y,z)^2*dl^3+dt^(-1)*c_s^2*dl^3-12*dt^(-1)*c_s^2*omega^(-1)*dl^3+12*dt^(-1)*c_s^2*omega^(-2)*dl^3+36*dt^(-1)*u(t,x,y,z)^2*omega^(-2)*dl^3-7*dt^(-1)*u(t,x,y,z)^4*dl^3+144*dt^(-1)*u(t,x,y,z)^2*c_s^2*omega^(-1)*dl^3-12*dt^(-1)*c_s^4*omega^(-2)*dl^3-dt^(-1)*c_s^4*dl^3-36*dt^(-1)*u(t,x,y,z)^4*omega^(-2)*dl^3)+1/6*(5*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*dl^3+36*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*omega^(-2)*dl^3-60*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*omega^(-1)*dl^3+24*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*omega^(-1)*dl^3+11*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*dl^3-24*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*omega^(-2)*dl^3+60*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*omega^(-2)*dl^3-36*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*omega^(-1)*dl^3-4*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^3)*D[1,1,1](u)(t,x,y,z)+D[1](rho)(t,x,y,z)*(dt^(-1)*c_s^2*dl+dt^(-1)*u(t,x,y,z)^2*dl)=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dt^(-1)*c_s^2*dl+dt^(-1)*u^2*dl
D[1](u)
	2*dt^(-1)*rho*u*dl
D[0](rho)
	u
D[0](u)
	rho
D[1,1](rho)
	-1/2*dt^(-1)*u^3*dl^2+3*dt^(-1)*u*c_s^2*omega^(-1)*dl^2+1/2*dt^(-1)*u*dl^2-dt^(-1)*u*omega^(-1)*dl^2-3/2*dt^(-1)*u*c_s^2*dl^2+dt^(-1)*u^3*omega^(-1)*dl^2
D[1,1](u)
	-3/2*dt^(-1)*rho*u^2*dl^2-1/2*dt^(-1)*rho*c_s^2*dl^2-dt^(-1)*rho*omega^(-1)*dl^2+dt^(-1)*rho*c_s^2*omega^(-1)*dl^2+3*dt^(-1)*rho*u^2*omega^(-1)*dl^2+1/2*dt^(-1)*rho*dl^2
D[1,1,1](rho)
	-3*dt^(-1)*u^4*omega^(-1)*dl^3+2*dt^(-1)*u^2*c_s^2*dl^3+12*dt^(-1)*u^2*c_s^2*omega^(-2)*dl^3-dt^(-1)*c_s^4*omega^(-1)*dl^3+3*dt^(-1)*u^2*omega^(-1)*dl^3-7/12*dt^(-1)*u^2*dl^3-1/12*dt^(-1)*c_s^2*dl^3+dt^(-1)*c_s^2*omega^(-1)*dl^3-dt^(-1)*c_s^2*omega^(-2)*dl^3-3*dt^(-1)*u^2*omega^(-2)*dl^3+7/12*dt^(-1)*u^4*dl^3-12*dt^(-1)*u^2*c_s^2*omega^(-1)*dl^3+dt^(-1)*c_s^4*omega^(-2)*dl^3+1/12*dt^(-1)*c_s^4*dl^3+3*dt^(-1)*u^4*omega^(-2)*dl^3
D[1,1,1](u)
	5/6*dt^(-1)*rho*u*c_s^2*dl^3+6*dt^(-1)*rho*u*c_s^2*omega^(-2)*dl^3-10*dt^(-1)*rho*u^3*omega^(-1)*dl^3+4*dt^(-1)*rho*u*omega^(-1)*dl^3+11/6*dt^(-1)*rho*u^3*dl^3-4*dt^(-1)*rho*u*omega^(-2)*dl^3+10*dt^(-1)*rho*u^3*omega^(-2)*dl^3-6*dt^(-1)*rho*u*c_s^2*omega^(-1)*dl^3-2/3*dt^(-1)*rho*u*dl^3
D[1,1,1,1](rho)
	-18*dt^(-1)*u*c_s^4*omega^(-2)*dl^4+12*dt^(-1)*u^5*omega^(-3)*dl^4+1/2*dt^(-1)*u*c_s^2*dl^4-11*dt^(-1)*u*c_s^2*omega^(-3)*dl^4-3/4*dt^(-1)*u^5*dl^4-49/6*dt^(-1)*u^3*omega^(-1)*dl^4-18*dt^(-1)*u^5*omega^(-2)*dl^4+33/2*dt^(-1)*u*c_s^2*omega^(-2)*dl^4+12*dt^(-1)*u*c_s^4*omega^(-3)*dl^4+101/3*dt^(-1)*u^3*c_s^2*omega^(-1)*dl^4+2/3*dt^(-1)*u*omega^(-1)*dl^4-17/6*dt^(-1)*u^3*c_s^2*dl^4-1/12*dt^(-1)*u*dl^4-3/2*dt^(-1)*u*omega^(-2)*dl^4-13*dt^(-1)*u^3*omega^(-3)*dl^4-13/2*dt^(-1)*u*c_s^2*omega^(-1)*dl^4+15/2*dt^(-1)*u^5*omega^(-1)*dl^4-5/12*dt^(-1)*u*c_s^4*dl^4-84*dt^(-1)*u^3*c_s^2*omega^(-2)*dl^4+5/6*dt^(-1)*u^3*dl^4+dt^(-1)*u*omega^(-3)*dl^4+56*dt^(-1)*u^3*c_s^2*omega^(-3)*dl^4+41/6*dt^(-1)*u*c_s^4*omega^(-1)*dl^4+39/2*dt^(-1)*u^3*omega^(-2)*dl^4
D[1,1,1,1](u)
	-1/12*dt^(-1)*rho*dl^4+7/6*dt^(-1)*rho*c_s^4*omega^(-1)*dl^4-3/2*dt^(-1)*rho*u^2*c_s^2*dl^4+36*dt^(-1)*rho*u^2*c_s^2*omega^(-3)*dl^4+155/6*dt^(-1)*rho*u^4*omega^(-1)*dl^4+dt^(-1)*rho*omega^(-3)*dl^4-1/12*dt^(-1)*rho*c_s^4*dl^4-54*dt^(-1)*rho*u^2*c_s^2*omega^(-2)*dl^4-11/6*dt^(-1)*rho*c_s^2*omega^(-1)*dl^4-29/12*dt^(-1)*rho*u^4*dl^4-77/6*dt^(-1)*rho*u^2*omega^(-1)*dl^4-3/2*dt^(-1)*rho*omega^(-2)*dl^4+63/2*dt^(-1)*rho*u^2*omega^(-2)*dl^4+2/3*dt^(-1)*rho*omega^(-1)*dl^4+42*dt^(-1)*rho*u^4*omega^(-3)*dl^4+9/2*dt^(-1)*rho*c_s^2*omega^(-2)*dl^4+21*dt^(-1)*rho*u^2*c_s^2*omega^(-1)*dl^4+2*dt^(-1)*rho*c_s^4*omega^(-3)*dl^4-63*dt^(-1)*rho*u^4*omega^(-2)*dl^4-21*dt^(-1)*rho*u^2*omega^(-3)*dl^4+1/6*dt^(-1)*rho*c_s^2*dl^4-3*dt^(-1)*rho*c_s^4*omega^(-2)*dl^4+7/6*dt^(-1)*rho*u^2*dl^4-3*dt^(-1)*rho*c_s^2*omega^(-3)*dl^4
D[1](rho)  *  D[1](u)
	-2*dt^(-1)*omega^(-1)*dl^2-3*dt^(-1)*u^2*dl^2-2*dt^(-1)*c_s^2*dl^2+4*dt^(-1)*c_s^2*omega^(-1)*dl^2+6*dt^(-1)*u^2*omega^(-1)*dl^2+dt^(-1)*dl^2
D[1](u)  *  D[1](u)
	6*dt^(-1)*rho*u*omega^(-1)*dl^2-3*dt^(-1)*rho*u*dl^2




LBMAT
output_d1q3_nse_srt_symbolic_pde_01.txt


61}1 2 216 9p 2pv18; Ovy 99,2 5.2 2 2 67 9p vy
v 2 % T pEE 4 (vi ;_CS)&t g 4 LG + (=2 = 3viw — 2ciw + 6vf +4c; +w) 5 g g +
3/77)15[ dvy 2 2 2 2 0167 9%p 2 2. pSi 9%v,
(2 - w) 35 (d + (2= viw = 3ciw + 207 + 6 +w) 355 5k + (-2 Bviw — cdw+ 6vf + 2 +w) 5L T

3 3
+ @ﬂ@;ﬁg—;g + (=24 + 5c2w? + 11v3w? — 60viw — 36c2w + 6007 + 36¢2 + 24w — dw )m oy

66, w? Bw‘;’
v1 9} pdf 8% v —
126, w3 ()J, + @125“‘;3 Ozt =0,

where:
— 24v%c2w2 — cng — 7vfw2 —+ 361}%0.) + 12c§w — 3611% — 12c§ — 144v%c§w —+ cf,w2 —+ 71);10.)2 —+ 361);L + 1203 + 1441}%05 — 36v%w — 12c§w

[C2= 12 + 6c2w® + 40407 c?w? 4 10v7w® — 3407 c2w® — 78c2w? — 98viw? 4 234viw + 198c2w — 15607 — 132¢2 — 1008vic2w + 82ctw? +
90vfw? — 18w + 144v] — 5ctw® + 144c¢? + 672072 — 9viw® — w3 — 216viw + 8w? — 216¢ctw

= +cw+5vcw+1vw71vcwlf ciw® — 154viw” + viw + 54ciw — vy — 36¢ — vcw+lcw'+
=12+2 22%22 4 8vic? 22c%w? — 154v2w? + 37803 42w — 25207 — 362 — 648v3c? 4ctw?
310viw? — 18w + 5040} — ctw® + 24¢? + 432072 — 29viw® — W3 — T56viw + 8w? — 36ciw

2.2 MRT

2.2.1 Definitions

Collision operator C":

C(f) =M (ul) —MFf),

where
S = diag(wy, wa,ws),

w1, wsa,ws € (0,2).

2.2.2 Conservation of mass equation

I
attached text file: output_di1q3_nse_mrtl_symbolic_pde_00.txt

dp v18; Op pdy dvy _ 2 2y 167 9%p _ 2 2y PSP 9%u,
¢+ Stee T e T (F1 0l +36) 155, 93 + (=14 307 + &) 133, o7 T

(—wsct — 6vF — 12w3v3c? + 3wav? + 2¢t — 2¢2 — 3wszvt + 24vic? + 6vf + w3c?)

64
24W36t 8.1,% +

2 2 2 2\ pU16; 9'vy
(—4 4 1007 + 2w3 — bwsvi + 6¢5 — 3wscs) 12:352 azll 0.

2.2.3 Conservation of momentum equation

I
attached text file: output_di1q3_nse_mrti_symbolic_pde_01.txt

) 2 2\6, 8 20018, O 2 2 2 2\ 67 dp o
%+ pGE + (0] + D)3+ 2T 1 (24 607 + wy — Bwge] + el — 2wped) S L G

wg,(;t 8@31 69@1
, 2 2 g2
3PU151 vy 2 2 2 2y v1d; 9%p
(2—ws)"5t (52 ) + (=2 + 207 +ws — wavi + 6¢; — 3wscl) 5k o T

) ‘
(=2 + 60} + w3 — 3wsv? + 2¢2 — wsc?) Qfglgt 6;;’21 + @12&& a:@ +
(=24 + 600? + 24ws + 5w3c? — 60wszv? — dw3 + 36¢2 + 11wiv? — 36wsc?) i vy y 3 vd) +

6w25 Swl 12w3§t 89:
'Ul —
@12&;5& Bwl O

where:



Complete expression of PDE that can be directly imported to Maxima:
1/12*(dt^(-1)*rho(t,x,y,z)*c_s^2*dl^3+3*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^3-dt^(-1)*rho(t,x,y,z)*dl^3)*D[1,1,1](u)(t,x,y,z)+1/12*(dt^(-1)*u(t,x,y,z)^3*dl^3-dt^(-1)*u(t,x,y,z)*dl^3+3*dt^(-1)*u(t,x,y,z)*c_s^2*dl^3)*D[1,1,1](rho)(t,x,y,z)-1/12*(5*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*dl^4+3*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*dl^4-6*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*dl^4+4*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^4-10*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*dl^4-2*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^4)*D[1,1,1,1](u)(t,x,y,z)+D[0](rho)(t,x,y,z)+dt^(-1)*u(t,x,y,z)*D[1](rho)(t,x,y,z)*dl+1/24*D[1,1,1,1](rho)(t,x,y,z)*(2*omega_3^(-1)*dt^(-1)*c_s^4*dl^4+6*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^4*dl^4-dt^(-1)*c_s^4*dl^4+24*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^2*c_s^2*dl^4-3*dt^(-1)*u(t,x,y,z)^4*dl^4-6*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^2*dl^4-2*omega_3^(-1)*dt^(-1)*c_s^2*dl^4+3*dt^(-1)*u(t,x,y,z)^2*dl^4-12*dt^(-1)*u(t,x,y,z)^2*c_s^2*dl^4+dt^(-1)*c_s^2*dl^4)+dt^(-1)*rho(t,x,y,z)*dl*D[1](u)(t,x,y,z)=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dt^(-1)*u*dl
D[1](u)
	dt^(-1)*rho*dl
D[0](rho)
	1
D[1,1,1](rho)
	1/12*dt^(-1)*u^3*dl^3-1/12*dt^(-1)*u*dl^3+1/4*dt^(-1)*u*c_s^2*dl^3
D[1,1,1](u)
	1/12*dt^(-1)*rho*c_s^2*dl^3+1/4*dt^(-1)*rho*u^2*dl^3-1/12*dt^(-1)*rho*dl^3
D[1,1,1,1](rho)
	1/12*omega_3^(-1)*dt^(-1)*c_s^4*dl^4+1/4*omega_3^(-1)*dt^(-1)*u^4*dl^4-1/24*dt^(-1)*c_s^4*dl^4+omega_3^(-1)*dt^(-1)*u^2*c_s^2*dl^4-1/8*dt^(-1)*u^4*dl^4-1/4*omega_3^(-1)*dt^(-1)*u^2*dl^4-1/12*omega_3^(-1)*dt^(-1)*c_s^2*dl^4+1/8*dt^(-1)*u^2*dl^4-1/2*dt^(-1)*u^2*c_s^2*dl^4+1/24*dt^(-1)*c_s^2*dl^4
D[1,1,1,1](u)
	-5/12*dt^(-1)*rho*u^3*dl^4-1/4*dt^(-1)*rho*u*c_s^2*dl^4+1/2*omega_3^(-1)*dt^(-1)*rho*u*c_s^2*dl^4-1/3*omega_3^(-1)*dt^(-1)*rho*u*dl^4+5/6*omega_3^(-1)*dt^(-1)*rho*u^3*dl^4+1/6*dt^(-1)*rho*u*dl^4
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Complete expression of PDE that can be directly imported to Maxima:
-3*D[1](u)(t,x,y,z)^2*(dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^2-2*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^2)-D[1](rho)(t,x,y,z)*(3*dt^(-1)*u(t,x,y,z)^2*dl^2+2*dt^(-1)*c_s^2*dl^2+2*omega_3^(-1)*dt^(-1)*dl^2-6*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^2*dl^2-4*omega_3^(-1)*dt^(-1)*c_s^2*dl^2-dt^(-1)*dl^2)*D[1](u)(t,x,y,z)+u(t,x,y,z)*D[0](rho)(t,x,y,z)+1/2*(6*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^2+2*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*c_s^2*dl^2-2*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*dl^2-3*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^2-dt^(-1)*rho(t,x,y,z)*c_s^2*dl^2+dt^(-1)*rho(t,x,y,z)*dl^2)*D[1,1](u)(t,x,y,z)+1/2*(2*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^3*dl^2+6*omega_3^(-1)*dt^(-1)*u(t,x,y,z)*c_s^2*dl^2-dt^(-1)*u(t,x,y,z)^3*dl^2-2*omega_3^(-1)*dt^(-1)*u(t,x,y,z)*dl^2-3*dt^(-1)*u(t,x,y,z)*c_s^2*dl^2+dt^(-1)*u(t,x,y,z)*dl^2)*D[1,1](rho)(t,x,y,z)+rho(t,x,y,z)*D[0](u)(t,x,y,z)-1/6*(4*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^3-60*omega_3^(-2)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*dl^3+60*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*dl^3-36*omega_3^(-2)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*dl^3-24*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^3+36*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*dl^3-5*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*c_s^2*dl^3-11*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^3*dl^3+24*omega_3^(-2)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl^3)*D[1,1,1](u)(t,x,y,z)-1/12*(36*omega_3^(-3)*dt^(-1)*rho(t,x,y,z)*c_s^2*dl^4+dt^(-1)*rho(t,x,y,z)*dl^4-432*omega_3^(-3)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*c_s^2*dl^4+252*omega_3^(-3)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^4-14*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*c_s^4*dl^4+756*omega_3^(-2)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^4*dl^4-8*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*dl^4-14*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^4-2*dt^(-1)*rho(t,x,y,z)*c_s^2*dl^4+36*omega_3^(-2)*dt^(-1)*rho(t,x,y,z)*c_s^4*dl^4-310*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^4*dl^4-504*omega_3^(-3)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^4*dl^4+648*omega_3^(-2)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*c_s^2*dl^4-12*omega_3^(-3)*dt^(-1)*rho(t,x,y,z)*dl^4-24*omega_3^(-3)*dt^(-1)*rho(t,x,y,z)*c_s^4*dl^4+18*omega_3^(-2)*dt^(-1)*rho(t,x,y,z)*dl^4+dt^(-1)*rho(t,x,y,z)*c_s^4*dl^4-54*omega_3^(-2)*dt^(-1)*rho(t,x,y,z)*c_s^2*dl^4+154*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^4+22*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*c_s^2*dl^4+18*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*c_s^2*dl^4-378*omega_3^(-2)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*dl^4+29*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^4*dl^4-252*omega_3^(-1)*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)^2*c_s^2*dl^4)*D[1,1,1,1](u)(t,x,y,z)+(dt^(-1)*c_s^2*dl+dt^(-1)*u(t,x,y,z)^2*dl)*D[1](rho)(t,x,y,z)+2*dt^(-1)*rho(t,x,y,z)*u(t,x,y,z)*dl*D[1](u)(t,x,y,z)+1/12*(672*omega_3^(-3)*dt^(-1)*u(t,x,y,z)^3*c_s^2*dl^4-216*omega_3^(-2)*dt^(-1)*u(t,x,y,z)*c_s^4*dl^4+90*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^5*dl^4+6*dt^(-1)*u(t,x,y,z)*c_s^2*dl^4-156*omega_3^(-3)*dt^(-1)*u(t,x,y,z)^3*dl^4-dt^(-1)*u(t,x,y,z)*dl^4+82*omega_3^(-1)*dt^(-1)*u(t,x,y,z)*c_s^4*dl^4+234*omega_3^(-2)*dt^(-1)*u(t,x,y,z)^3*dl^4-9*dt^(-1)*u(t,x,y,z)^5*dl^4-34*dt^(-1)*u(t,x,y,z)^3*c_s^2*dl^4+8*omega_3^(-1)*dt^(-1)*u(t,x,y,z)*dl^4-132*omega_3^(-3)*dt^(-1)*u(t,x,y,z)*c_s^2*dl^4-78*omega_3^(-1)*dt^(-1)*u(t,x,y,z)*c_s^2*dl^4-216*omega_3^(-2)*dt^(-1)*u(t,x,y,z)^5*dl^4+10*dt^(-1)*u(t,x,y,z)^3*dl^4+12*omega_3^(-3)*dt^(-1)*u(t,x,y,z)*dl^4+198*omega_3^(-2)*dt^(-1)*u(t,x,y,z)*c_s^2*dl^4-5*dt^(-1)*u(t,x,y,z)*c_s^4*dl^4-98*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^3*dl^4+144*omega_3^(-3)*dt^(-1)*u(t,x,y,z)*c_s^4*dl^4-1008*omega_3^(-2)*dt^(-1)*u(t,x,y,z)^3*c_s^2*dl^4+404*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^3*c_s^2*dl^4-18*omega_3^(-2)*dt^(-1)*u(t,x,y,z)*dl^4+144*omega_3^(-3)*dt^(-1)*u(t,x,y,z)^5*dl^4)*D[1,1,1,1](rho)(t,x,y,z)-1/12*D[1,1,1](rho)(t,x,y,z)*(dt^(-1)*c_s^2*dl^3-24*dt^(-1)*u(t,x,y,z)^2*c_s^2*dl^3+7*dt^(-1)*u(t,x,y,z)^2*dl^3-36*omega_3^(-2)*dt^(-1)*u(t,x,y,z)^4*dl^3-12*omega_3^(-1)*dt^(-1)*c_s^2*dl^3-36*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^2*dl^3-12*omega_3^(-2)*dt^(-1)*c_s^4*dl^3-144*omega_3^(-2)*dt^(-1)*u(t,x,y,z)^2*c_s^2*dl^3-7*dt^(-1)*u(t,x,y,z)^4*dl^3+144*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^2*c_s^2*dl^3-dt^(-1)*c_s^4*dl^3+12*omega_3^(-2)*dt^(-1)*c_s^2*dl^3+36*omega_3^(-1)*dt^(-1)*u(t,x,y,z)^4*dl^3+12*omega_3^(-1)*dt^(-1)*c_s^4*dl^3+36*omega_3^(-2)*dt^(-1)*u(t,x,y,z)^2*dl^3)=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dt^(-1)*c_s^2*dl+dt^(-1)*u^2*dl
D[1](u)
	2*dt^(-1)*rho*u*dl
D[0](rho)
	u
D[0](u)
	rho
D[1,1](rho)
	omega_3^(-1)*dt^(-1)*u^3*dl^2+3*omega_3^(-1)*dt^(-1)*u*c_s^2*dl^2-1/2*dt^(-1)*u^3*dl^2-omega_3^(-1)*dt^(-1)*u*dl^2-3/2*dt^(-1)*u*c_s^2*dl^2+1/2*dt^(-1)*u*dl^2
D[1,1](u)
	3*omega_3^(-1)*dt^(-1)*rho*u^2*dl^2+omega_3^(-1)*dt^(-1)*rho*c_s^2*dl^2-omega_3^(-1)*dt^(-1)*rho*dl^2-3/2*dt^(-1)*rho*u^2*dl^2-1/2*dt^(-1)*rho*c_s^2*dl^2+1/2*dt^(-1)*rho*dl^2
D[1,1,1](rho)
	-1/12*dt^(-1)*c_s^2*dl^3+2*dt^(-1)*u^2*c_s^2*dl^3-7/12*dt^(-1)*u^2*dl^3+3*omega_3^(-2)*dt^(-1)*u^4*dl^3+omega_3^(-1)*dt^(-1)*c_s^2*dl^3+3*omega_3^(-1)*dt^(-1)*u^2*dl^3+omega_3^(-2)*dt^(-1)*c_s^4*dl^3+12*omega_3^(-2)*dt^(-1)*u^2*c_s^2*dl^3+7/12*dt^(-1)*u^4*dl^3-12*omega_3^(-1)*dt^(-1)*u^2*c_s^2*dl^3+1/12*dt^(-1)*c_s^4*dl^3-omega_3^(-2)*dt^(-1)*c_s^2*dl^3-3*omega_3^(-1)*dt^(-1)*u^4*dl^3-omega_3^(-1)*dt^(-1)*c_s^4*dl^3-3*omega_3^(-2)*dt^(-1)*u^2*dl^3
D[1,1,1](u)
	-2/3*dt^(-1)*rho*u*dl^3+10*omega_3^(-2)*dt^(-1)*rho*u^3*dl^3-10*omega_3^(-1)*dt^(-1)*rho*u^3*dl^3+6*omega_3^(-2)*dt^(-1)*rho*u*c_s^2*dl^3+4*omega_3^(-1)*dt^(-1)*rho*u*dl^3-6*omega_3^(-1)*dt^(-1)*rho*u*c_s^2*dl^3+5/6*dt^(-1)*rho*u*c_s^2*dl^3+11/6*dt^(-1)*rho*u^3*dl^3-4*omega_3^(-2)*dt^(-1)*rho*u*dl^3
D[1,1,1,1](rho)
	56*omega_3^(-3)*dt^(-1)*u^3*c_s^2*dl^4-18*omega_3^(-2)*dt^(-1)*u*c_s^4*dl^4+15/2*omega_3^(-1)*dt^(-1)*u^5*dl^4+1/2*dt^(-1)*u*c_s^2*dl^4-13*omega_3^(-3)*dt^(-1)*u^3*dl^4-1/12*dt^(-1)*u*dl^4+41/6*omega_3^(-1)*dt^(-1)*u*c_s^4*dl^4+39/2*omega_3^(-2)*dt^(-1)*u^3*dl^4-3/4*dt^(-1)*u^5*dl^4-17/6*dt^(-1)*u^3*c_s^2*dl^4+2/3*omega_3^(-1)*dt^(-1)*u*dl^4-11*omega_3^(-3)*dt^(-1)*u*c_s^2*dl^4-13/2*omega_3^(-1)*dt^(-1)*u*c_s^2*dl^4-18*omega_3^(-2)*dt^(-1)*u^5*dl^4+5/6*dt^(-1)*u^3*dl^4+omega_3^(-3)*dt^(-1)*u*dl^4+33/2*omega_3^(-2)*dt^(-1)*u*c_s^2*dl^4-5/12*dt^(-1)*u*c_s^4*dl^4-49/6*omega_3^(-1)*dt^(-1)*u^3*dl^4+12*omega_3^(-3)*dt^(-1)*u*c_s^4*dl^4-84*omega_3^(-2)*dt^(-1)*u^3*c_s^2*dl^4+101/3*omega_3^(-1)*dt^(-1)*u^3*c_s^2*dl^4-3/2*omega_3^(-2)*dt^(-1)*u*dl^4+12*omega_3^(-3)*dt^(-1)*u^5*dl^4
D[1,1,1,1](u)
	-3*omega_3^(-3)*dt^(-1)*rho*c_s^2*dl^4-1/12*dt^(-1)*rho*dl^4+36*omega_3^(-3)*dt^(-1)*rho*u^2*c_s^2*dl^4-21*omega_3^(-3)*dt^(-1)*rho*u^2*dl^4+7/6*omega_3^(-1)*dt^(-1)*rho*c_s^4*dl^4-63*omega_3^(-2)*dt^(-1)*rho*u^4*dl^4+2/3*omega_3^(-1)*dt^(-1)*rho*dl^4+7/6*dt^(-1)*rho*u^2*dl^4+1/6*dt^(-1)*rho*c_s^2*dl^4-3*omega_3^(-2)*dt^(-1)*rho*c_s^4*dl^4+155/6*omega_3^(-1)*dt^(-1)*rho*u^4*dl^4+42*omega_3^(-3)*dt^(-1)*rho*u^4*dl^4-54*omega_3^(-2)*dt^(-1)*rho*u^2*c_s^2*dl^4+omega_3^(-3)*dt^(-1)*rho*dl^4+2*omega_3^(-3)*dt^(-1)*rho*c_s^4*dl^4-3/2*omega_3^(-2)*dt^(-1)*rho*dl^4-1/12*dt^(-1)*rho*c_s^4*dl^4+9/2*omega_3^(-2)*dt^(-1)*rho*c_s^2*dl^4-77/6*omega_3^(-1)*dt^(-1)*rho*u^2*dl^4-11/6*omega_3^(-1)*dt^(-1)*rho*c_s^2*dl^4-3/2*dt^(-1)*rho*u^2*c_s^2*dl^4+63/2*omega_3^(-2)*dt^(-1)*rho*u^2*dl^4-29/12*dt^(-1)*rho*u^4*dl^4+21*omega_3^(-1)*dt^(-1)*rho*u^2*c_s^2*dl^4
D[1](rho)  *  D[1](u)
	-3*dt^(-1)*u^2*dl^2-2*dt^(-1)*c_s^2*dl^2-2*omega_3^(-1)*dt^(-1)*dl^2+6*omega_3^(-1)*dt^(-1)*u^2*dl^2+4*omega_3^(-1)*dt^(-1)*c_s^2*dl^2+dt^(-1)*dl^2
D[1](u)  *  D[1](u)
	-3*dt^(-1)*rho*u*dl^2+6*omega_3^(-1)*dt^(-1)*rho*u*dl^2
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€= —12w303 — 361)% — 144w3vfc§ — wgcg + 360.)31}% + 1203 + 7w§v§1 — 1205 — 360.)31}1L — 7w§v% + 1441)%05 -1-36'011 + 24w§v%c§ + 120@,03 +w§c§

[C2]= 12 — 216wsc? — 15607 — 18wz — 1008wzvic? — wivi — T8wZc? 4 234wzv] 4 144ct 4 8w? — wi + 6wic? — 3dwivic? + 90wiv] —
132¢2 — 216w3v] — 98w2vi — Bwict + 67203 c? + 144v] + 404wiv?c? + 198wz c? + 82w3c? + 10wiv?

[Cal = 12 — 36wsc? — 25207 — 18ws — 648wzvic? — 29wiv] — 22w3c? + 378ws v} + 24c? + 8w3 — wi + 2wic? — 18wivic? + 310wiv} — 36¢2 —
7560.131;;1 — 154w§v? — wg’ci —+ 432@fc§ + 5041}‘1L + 252w§vfa§ + 54w3c§ + 14&)50‘5L + 14wg’vf

2.3 CLBM
2.3.1 Definitions

Collision operator C:

C(f) =K 'S (s —Kf),

where
S = diag(wla w2, W3),
W1, w2, wWs € (0’ 2) .

Matrix K corresponds to the transformation matrix to the central moment basis defined by

T
K= (’f(owk(l)ak(z))

and is given by
1 1 1
K= —U1 1-— U1 —U1 — 1
vi (1—v1)? (vp+1)32

The equilibrium central moments are defined by
led) — KMflu(eq),

ie.,

T
rled) — (p,O,pcg) )

2.3.2 Conservation of mass equation

I
attached text file: output_d1q3_nse_clbml_symbolic_pde_00.txt

ap v18;, 9p pd1 dvy _ 2 2\ v16] 8%p . 2 2\ P37 93w,
ot T Bitoay T 5 oer T (C1 0T +3¢) 155, 50 + (14301 + )55, 5o +
5 9%

(2¢t — 1203 c2ws + 6v] — clws + 3viws — 60V + ws — 2¢2 — 3viws + 24U%c§)m@ +

4 4,
(—4 — 5viws + 10v? — 3c%ws + 62 + 2ws) 11)215552 %;%1 =0.

2.3.3 Conservation of momentum equation

I
attached text file: output_di1q3_nse_clbml_symbolic_pde_01.txt



Complete expression of PDE that can be directly imported to Maxima:
-1/12*D[1,1,1,1](u)(t,x,y,z)*(3*u(t,x,y,z)*c_s^2*rho(t,x,y,z)*dl^4*dt^(-1)+4*u(t,x,y,z)*rho(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1)-2*u(t,x,y,z)*rho(t,x,y,z)*dl^4*dt^(-1)+5*u(t,x,y,z)^3*rho(t,x,y,z)*dl^4*dt^(-1)-6*u(t,x,y,z)*c_s^2*rho(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1)-10*u(t,x,y,z)^3*rho(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1))+1/12*(3*u(t,x,y,z)*c_s^2*dl^3*dt^(-1)-u(t,x,y,z)*dl^3*dt^(-1)+u(t,x,y,z)^3*dl^3*dt^(-1))*D[1,1,1](rho)(t,x,y,z)+D[0](rho)(t,x,y,z)-1/24*(2*c_s^2*dl^4*omega_3^(-1)*dt^(-1)-24*u(t,x,y,z)^2*c_s^2*dl^4*omega_3^(-1)*dt^(-1)-6*u(t,x,y,z)^4*dl^4*omega_3^(-1)*dt^(-1)-3*u(t,x,y,z)^2*dl^4*dt^(-1)-2*c_s^4*dl^4*omega_3^(-1)*dt^(-1)+c_s^4*dl^4*dt^(-1)+3*u(t,x,y,z)^4*dl^4*dt^(-1)+12*u(t,x,y,z)^2*c_s^2*dl^4*dt^(-1)+6*u(t,x,y,z)^2*dl^4*omega_3^(-1)*dt^(-1)-c_s^2*dl^4*dt^(-1))*D[1,1,1,1](rho)(t,x,y,z)+rho(t,x,y,z)*D[1](u)(t,x,y,z)*dl*dt^(-1)+u(t,x,y,z)*D[1](rho)(t,x,y,z)*dl*dt^(-1)-1/12*D[1,1,1](u)(t,x,y,z)*(rho(t,x,y,z)*dl^3*dt^(-1)-3*u(t,x,y,z)^2*rho(t,x,y,z)*dl^3*dt^(-1)-c_s^2*rho(t,x,y,z)*dl^3*dt^(-1))=0


List of all coefficients of each partial derivatives:
D[1](rho)
	u*dl*dt^(-1)
D[1](u)
	rho*dl*dt^(-1)
D[0](rho)
	1
D[1,1,1](rho)
	1/4*u*c_s^2*dl^3*dt^(-1)-1/12*u*dl^3*dt^(-1)+1/12*u^3*dl^3*dt^(-1)
D[1,1,1](u)
	-1/12*rho*dl^3*dt^(-1)+1/4*u^2*rho*dl^3*dt^(-1)+1/12*c_s^2*rho*dl^3*dt^(-1)
D[1,1,1,1](rho)
	-1/12*c_s^2*dl^4*omega_3^(-1)*dt^(-1)+u^2*c_s^2*dl^4*omega_3^(-1)*dt^(-1)+1/4*u^4*dl^4*omega_3^(-1)*dt^(-1)+1/8*u^2*dl^4*dt^(-1)+1/12*c_s^4*dl^4*omega_3^(-1)*dt^(-1)-1/24*c_s^4*dl^4*dt^(-1)-1/8*u^4*dl^4*dt^(-1)-1/2*u^2*c_s^2*dl^4*dt^(-1)-1/4*u^2*dl^4*omega_3^(-1)*dt^(-1)+1/24*c_s^2*dl^4*dt^(-1)
D[1,1,1,1](u)
	-1/4*u*c_s^2*rho*dl^4*dt^(-1)-1/3*u*rho*dl^4*omega_3^(-1)*dt^(-1)+1/6*u*rho*dl^4*dt^(-1)-5/12*u^3*rho*dl^4*dt^(-1)+1/2*u*c_s^2*rho*dl^4*omega_3^(-1)*dt^(-1)+5/6*u^3*rho*dl^4*omega_3^(-1)*dt^(-1)
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Complete expression of PDE that can be directly imported to Maxima:
-1/12*D[1,1,1](rho)(t,x,y,z)*(c_s^2*dl^3*dt^(-1)+12*c_s^2*dl^3*omega_3^(-2)*dt^(-1)-36*u(t,x,y,z)^2*dl^3*omega_3^(-1)*dt^(-1)-24*u(t,x,y,z)^2*c_s^2*dl^3*dt^(-1)-144*u(t,x,y,z)^2*c_s^2*dl^3*omega_3^(-2)*dt^(-1)-7*u(t,x,y,z)^4*dl^3*dt^(-1)-c_s^4*dl^3*dt^(-1)-36*u(t,x,y,z)^4*dl^3*omega_3^(-2)*dt^(-1)+7*u(t,x,y,z)^2*dl^3*dt^(-1)+12*c_s^4*dl^3*omega_3^(-1)*dt^(-1)+36*u(t,x,y,z)^4*dl^3*omega_3^(-1)*dt^(-1)-12*c_s^4*dl^3*omega_3^(-2)*dt^(-1)+144*u(t,x,y,z)^2*c_s^2*dl^3*omega_3^(-1)*dt^(-1)-12*c_s^2*dl^3*omega_3^(-1)*dt^(-1)+36*u(t,x,y,z)^2*dl^3*omega_3^(-2)*dt^(-1))-1/2*D[1,1](u)(t,x,y,z)*(3*u(t,x,y,z)^2*rho(t,x,y,z)*dl^2*dt^(-1)-rho(t,x,y,z)*dl^2*dt^(-1)+2*rho(t,x,y,z)*dl^2*omega_3^(-1)*dt^(-1)-6*u(t,x,y,z)^2*rho(t,x,y,z)*dl^2*omega_3^(-1)*dt^(-1)+c_s^2*rho(t,x,y,z)*dl^2*dt^(-1)-2*c_s^2*rho(t,x,y,z)*dl^2*omega_3^(-1)*dt^(-1))-D[1](rho)(t,x,y,z)*D[1](u)(t,x,y,z)*(3*u(t,x,y,z)^2*dl^2*dt^(-1)-4*c_s^2*dl^2*omega_3^(-1)*dt^(-1)+2*c_s^2*dl^2*dt^(-1)-dl^2*dt^(-1)-6*u(t,x,y,z)^2*dl^2*omega_3^(-1)*dt^(-1)+2*dl^2*omega_3^(-1)*dt^(-1))+rho(t,x,y,z)*D[0](u)(t,x,y,z)+(c_s^2*dl*dt^(-1)+u(t,x,y,z)^2*dl*dt^(-1))*D[1](rho)(t,x,y,z)+3*D[1](u)(t,x,y,z)^2*(2*u(t,x,y,z)*rho(t,x,y,z)*dl^2*omega_3^(-1)*dt^(-1)-u(t,x,y,z)*rho(t,x,y,z)*dl^2*dt^(-1))-1/6*D[1,1,1](u)(t,x,y,z)*(36*u(t,x,y,z)*c_s^2*rho(t,x,y,z)*dl^3*omega_3^(-1)*dt^(-1)+24*u(t,x,y,z)*rho(t,x,y,z)*dl^3*omega_3^(-2)*dt^(-1)+60*u(t,x,y,z)^3*rho(t,x,y,z)*dl^3*omega_3^(-1)*dt^(-1)-11*u(t,x,y,z)^3*rho(t,x,y,z)*dl^3*dt^(-1)+4*u(t,x,y,z)*rho(t,x,y,z)*dl^3*dt^(-1)-24*u(t,x,y,z)*rho(t,x,y,z)*dl^3*omega_3^(-1)*dt^(-1)-36*u(t,x,y,z)*c_s^2*rho(t,x,y,z)*dl^3*omega_3^(-2)*dt^(-1)-60*u(t,x,y,z)^3*rho(t,x,y,z)*dl^3*omega_3^(-2)*dt^(-1)-5*u(t,x,y,z)*c_s^2*rho(t,x,y,z)*dl^3*dt^(-1))+1/12*D[1,1,1,1](u)(t,x,y,z)*(2*c_s^2*rho(t,x,y,z)*dl^4*dt^(-1)-36*c_s^4*rho(t,x,y,z)*dl^4*omega_3^(-2)*dt^(-1)+8*rho(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1)+54*c_s^2*rho(t,x,y,z)*dl^4*omega_3^(-2)*dt^(-1)-154*u(t,x,y,z)^2*rho(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1)+432*u(t,x,y,z)^2*c_s^2*rho(t,x,y,z)*dl^4*omega_3^(-3)*dt^(-1)-18*u(t,x,y,z)^2*c_s^2*rho(t,x,y,z)*dl^4*dt^(-1)+310*u(t,x,y,z)^4*rho(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1)-36*c_s^2*rho(t,x,y,z)*dl^4*omega_3^(-3)*dt^(-1)+24*c_s^4*rho(t,x,y,z)*dl^4*omega_3^(-3)*dt^(-1)-29*u(t,x,y,z)^4*rho(t,x,y,z)*dl^4*dt^(-1)-648*u(t,x,y,z)^2*c_s^2*rho(t,x,y,z)*dl^4*omega_3^(-2)*dt^(-1)+504*u(t,x,y,z)^4*rho(t,x,y,z)*dl^4*omega_3^(-3)*dt^(-1)-c_s^4*rho(t,x,y,z)*dl^4*dt^(-1)+252*u(t,x,y,z)^2*c_s^2*rho(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1)-252*u(t,x,y,z)^2*rho(t,x,y,z)*dl^4*omega_3^(-3)*dt^(-1)+12*rho(t,x,y,z)*dl^4*omega_3^(-3)*dt^(-1)+378*u(t,x,y,z)^2*rho(t,x,y,z)*dl^4*omega_3^(-2)*dt^(-1)-756*u(t,x,y,z)^4*rho(t,x,y,z)*dl^4*omega_3^(-2)*dt^(-1)+14*c_s^4*rho(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1)+14*u(t,x,y,z)^2*rho(t,x,y,z)*dl^4*dt^(-1)-18*rho(t,x,y,z)*dl^4*omega_3^(-2)*dt^(-1)-rho(t,x,y,z)*dl^4*dt^(-1)-22*c_s^2*rho(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1))-1/12*D[1,1,1,1](rho)(t,x,y,z)*(78*u(t,x,y,z)*c_s^2*dl^4*omega_3^(-1)*dt^(-1)+216*u(t,x,y,z)^5*dl^4*omega_3^(-2)*dt^(-1)+1008*u(t,x,y,z)^3*c_s^2*dl^4*omega_3^(-2)*dt^(-1)-144*u(t,x,y,z)*c_s^4*dl^4*omega_3^(-3)*dt^(-1)-10*u(t,x,y,z)^3*dl^4*dt^(-1)+156*u(t,x,y,z)^3*dl^4*omega_3^(-3)*dt^(-1)+5*u(t,x,y,z)*c_s^4*dl^4*dt^(-1)+u(t,x,y,z)*dl^4*dt^(-1)-144*u(t,x,y,z)^5*dl^4*omega_3^(-3)*dt^(-1)-672*u(t,x,y,z)^3*c_s^2*dl^4*omega_3^(-3)*dt^(-1)-234*u(t,x,y,z)^3*dl^4*omega_3^(-2)*dt^(-1)+216*u(t,x,y,z)*c_s^4*dl^4*omega_3^(-2)*dt^(-1)-8*u(t,x,y,z)*dl^4*omega_3^(-1)*dt^(-1)-6*u(t,x,y,z)*c_s^2*dl^4*dt^(-1)+98*u(t,x,y,z)^3*dl^4*omega_3^(-1)*dt^(-1)-82*u(t,x,y,z)*c_s^4*dl^4*omega_3^(-1)*dt^(-1)+34*u(t,x,y,z)^3*c_s^2*dl^4*dt^(-1)+9*u(t,x,y,z)^5*dl^4*dt^(-1)+18*u(t,x,y,z)*dl^4*omega_3^(-2)*dt^(-1)+132*u(t,x,y,z)*c_s^2*dl^4*omega_3^(-3)*dt^(-1)-12*u(t,x,y,z)*dl^4*omega_3^(-3)*dt^(-1)-198*u(t,x,y,z)*c_s^2*dl^4*omega_3^(-2)*dt^(-1)-404*u(t,x,y,z)^3*c_s^2*dl^4*omega_3^(-1)*dt^(-1)-90*u(t,x,y,z)^5*dl^4*omega_3^(-1)*dt^(-1))+2*u(t,x,y,z)*rho(t,x,y,z)*D[1](u)(t,x,y,z)*dl*dt^(-1)-1/2*(2*u(t,x,y,z)*dl^2*omega_3^(-1)*dt^(-1)-6*u(t,x,y,z)*c_s^2*dl^2*omega_3^(-1)*dt^(-1)+u(t,x,y,z)^3*dl^2*dt^(-1)-2*u(t,x,y,z)^3*dl^2*omega_3^(-1)*dt^(-1)+3*u(t,x,y,z)*c_s^2*dl^2*dt^(-1)-u(t,x,y,z)*dl^2*dt^(-1))*D[1,1](rho)(t,x,y,z)+u(t,x,y,z)*D[0](rho)(t,x,y,z)=0


List of all coefficients of each partial derivatives:
D[1](rho)
	c_s^2*dl*dt^(-1)+u^2*dl*dt^(-1)
D[1](u)
	2*u*rho*dl*dt^(-1)
D[0](rho)
	u
D[0](u)
	rho
D[1,1](rho)
	-u*dl^2*omega_3^(-1)*dt^(-1)+3*u*c_s^2*dl^2*omega_3^(-1)*dt^(-1)-1/2*u^3*dl^2*dt^(-1)+u^3*dl^2*omega_3^(-1)*dt^(-1)-3/2*u*c_s^2*dl^2*dt^(-1)+1/2*u*dl^2*dt^(-1)
D[1,1](u)
	-3/2*u^2*rho*dl^2*dt^(-1)+1/2*rho*dl^2*dt^(-1)-rho*dl^2*omega_3^(-1)*dt^(-1)+3*u^2*rho*dl^2*omega_3^(-1)*dt^(-1)-1/2*c_s^2*rho*dl^2*dt^(-1)+c_s^2*rho*dl^2*omega_3^(-1)*dt^(-1)
D[1,1,1](rho)
	-1/12*c_s^2*dl^3*dt^(-1)-c_s^2*dl^3*omega_3^(-2)*dt^(-1)+3*u^2*dl^3*omega_3^(-1)*dt^(-1)+2*u^2*c_s^2*dl^3*dt^(-1)+12*u^2*c_s^2*dl^3*omega_3^(-2)*dt^(-1)+7/12*u^4*dl^3*dt^(-1)+1/12*c_s^4*dl^3*dt^(-1)+3*u^4*dl^3*omega_3^(-2)*dt^(-1)-7/12*u^2*dl^3*dt^(-1)-c_s^4*dl^3*omega_3^(-1)*dt^(-1)-3*u^4*dl^3*omega_3^(-1)*dt^(-1)+c_s^4*dl^3*omega_3^(-2)*dt^(-1)-12*u^2*c_s^2*dl^3*omega_3^(-1)*dt^(-1)+c_s^2*dl^3*omega_3^(-1)*dt^(-1)-3*u^2*dl^3*omega_3^(-2)*dt^(-1)
D[1,1,1](u)
	-6*u*c_s^2*rho*dl^3*omega_3^(-1)*dt^(-1)-4*u*rho*dl^3*omega_3^(-2)*dt^(-1)-10*u^3*rho*dl^3*omega_3^(-1)*dt^(-1)+11/6*u^3*rho*dl^3*dt^(-1)-2/3*u*rho*dl^3*dt^(-1)+4*u*rho*dl^3*omega_3^(-1)*dt^(-1)+6*u*c_s^2*rho*dl^3*omega_3^(-2)*dt^(-1)+10*u^3*rho*dl^3*omega_3^(-2)*dt^(-1)+5/6*u*c_s^2*rho*dl^3*dt^(-1)
D[1,1,1,1](rho)
	-13/2*u*c_s^2*dl^4*omega_3^(-1)*dt^(-1)-18*u^5*dl^4*omega_3^(-2)*dt^(-1)-84*u^3*c_s^2*dl^4*omega_3^(-2)*dt^(-1)+12*u*c_s^4*dl^4*omega_3^(-3)*dt^(-1)+5/6*u^3*dl^4*dt^(-1)-13*u^3*dl^4*omega_3^(-3)*dt^(-1)-5/12*u*c_s^4*dl^4*dt^(-1)-1/12*u*dl^4*dt^(-1)+12*u^5*dl^4*omega_3^(-3)*dt^(-1)+56*u^3*c_s^2*dl^4*omega_3^(-3)*dt^(-1)+39/2*u^3*dl^4*omega_3^(-2)*dt^(-1)-18*u*c_s^4*dl^4*omega_3^(-2)*dt^(-1)+2/3*u*dl^4*omega_3^(-1)*dt^(-1)+1/2*u*c_s^2*dl^4*dt^(-1)-49/6*u^3*dl^4*omega_3^(-1)*dt^(-1)+41/6*u*c_s^4*dl^4*omega_3^(-1)*dt^(-1)-17/6*u^3*c_s^2*dl^4*dt^(-1)-3/4*u^5*dl^4*dt^(-1)-3/2*u*dl^4*omega_3^(-2)*dt^(-1)-11*u*c_s^2*dl^4*omega_3^(-3)*dt^(-1)+u*dl^4*omega_3^(-3)*dt^(-1)+33/2*u*c_s^2*dl^4*omega_3^(-2)*dt^(-1)+101/3*u^3*c_s^2*dl^4*omega_3^(-1)*dt^(-1)+15/2*u^5*dl^4*omega_3^(-1)*dt^(-1)
D[1,1,1,1](u)
	1/6*c_s^2*rho*dl^4*dt^(-1)-3*c_s^4*rho*dl^4*omega_3^(-2)*dt^(-1)+2/3*rho*dl^4*omega_3^(-1)*dt^(-1)+9/2*c_s^2*rho*dl^4*omega_3^(-2)*dt^(-1)-77/6*u^2*rho*dl^4*omega_3^(-1)*dt^(-1)+36*u^2*c_s^2*rho*dl^4*omega_3^(-3)*dt^(-1)-3/2*u^2*c_s^2*rho*dl^4*dt^(-1)+155/6*u^4*rho*dl^4*omega_3^(-1)*dt^(-1)-3*c_s^2*rho*dl^4*omega_3^(-3)*dt^(-1)+2*c_s^4*rho*dl^4*omega_3^(-3)*dt^(-1)-29/12*u^4*rho*dl^4*dt^(-1)-54*u^2*c_s^2*rho*dl^4*omega_3^(-2)*dt^(-1)+42*u^4*rho*dl^4*omega_3^(-3)*dt^(-1)-1/12*c_s^4*rho*dl^4*dt^(-1)+21*u^2*c_s^2*rho*dl^4*omega_3^(-1)*dt^(-1)-21*u^2*rho*dl^4*omega_3^(-3)*dt^(-1)+rho*dl^4*omega_3^(-3)*dt^(-1)+63/2*u^2*rho*dl^4*omega_3^(-2)*dt^(-1)-63*u^4*rho*dl^4*omega_3^(-2)*dt^(-1)+7/6*c_s^4*rho*dl^4*omega_3^(-1)*dt^(-1)+7/6*u^2*rho*dl^4*dt^(-1)-3/2*rho*dl^4*omega_3^(-2)*dt^(-1)-1/12*rho*dl^4*dt^(-1)-11/6*c_s^2*rho*dl^4*omega_3^(-1)*dt^(-1)
D[1](rho)  *  D[1](u)
	-3*u^2*dl^2*dt^(-1)+4*c_s^2*dl^2*omega_3^(-1)*dt^(-1)-2*c_s^2*dl^2*dt^(-1)+dl^2*dt^(-1)+6*u^2*dl^2*omega_3^(-1)*dt^(-1)-2*dl^2*omega_3^(-1)*dt^(-1)
D[1](u)  *  D[1](u)
	6*u*rho*dl^2*omega_3^(-1)*dt^(-1)-3*u*rho*dl^2*dt^(-1)
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avl 2 2\8L Op  2v1p8 duy _ 5 9p duy
v 22 % T pEE 4 (vi +CS)6t 5+ 5 + (=2 = 3viws + 6V — 2c%ws + 4c2 + ws )W35t T Far +

UJ35

2
52 52
(2 — ws) 3v1p L <—g:i> + (-2 —v3ws + 2@% — 302w3 + 602 + uJ3) 2123(151, %é’ +

5
(=2 — 3viws + 607 — 2ws + 2¢2 +w3)p 5 25tax +
532 93 5t
(—24 + 11v3w? — 4w? — 60v3ws3 + 60vF + 5050.13 — 36c%ws + 36¢2 + 24ws) gifgai T+ @15;% ot +
4
@1 pél(st aam? = 07
where:

[Cl= 12¢? — Tviw? + ctw? + 24vic2ws — 144vicZws + 3607 — 12ctws + 36viws — 3607 + Tviw] — c2w3 + 12c2ws — 12¢2 — 36viws + 144v7c2

[C2]= 12 + 144c? — 98viw; — w + 82ctw? — 34vfc2w§ +10viw — 5ctwd + 404ufc2w§ + 8w3 — 1008v] c2ws + 144v] — 216ctws + 234viws —
9viws — 15607 + 6c2wi + 90viws — 78c2w? + 198c%ws — 132¢2 — 18ws — 216viws + 67207 c2

[ = 12 + 24c? — 154v1w3 — w4 14c? wg - 18vfc2w§; + 14v1w§ — Al + 252ufc2w§ + 8wz — 648vic%ws + 5040 — 36¢tws + 378viws —
29viwd — 25207 4 2c%wi + 310viw: — 22c2w3 + 54c?ws — 36¢% — 18wz — T56viws + 432v7c?

3 Comparison of SRT, MRT, and CLBM

3.1 Conservation of mass equation
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3.2 Conservation of momentum equation
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