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1 Global definitions

In R1, the position and velocity vectors are given by x = (x1) and v = (v1), respectively.
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1.1 Discrete velocity vectors

Discrete velocity vectors and the lattice speed of sound are defined by

{ci}3i=1 =
((
0
)
,
(
1
)
,
(
−1
))

,

cs =
1√
3
,

respectively [1].

−1 0 1
x

c1 c2c3

1.2 Raw and central moments

The raw and central moments are defined by

mα :=

3∑
i=1

fic
α
i ,

and

kα :=

3∑
i=1

fi(ci − v)α,

respectively, where α = (α1) ∈ Z1 denotes a multi-index and cαi := [ci]
α1
1 .

1.3 Transformation matrix M

Matrix M, that defines macroscopic quantities (moments) µ by

µ = Mf ,
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with f = (f1, f2, f3)
T
, is selected such that

µ =
(
m(0),m(1),m(2)

)T
,

i.e., M is given by

M =

1 1 1
0 1 −1
0 1 1

 .

1.4 Equilibrium

The corresponding equilibrium raw moments are defined using the continuous Maxwell–Boltzmann distribution
function [1]

f (eq)(ξ) =
ρ

(2πc2s)
1
2

exp

(
− (ξ − v1)

2

2c2s

)
as

m
(eq)
(α) =

∫
R

ξαf (eq)(ξ)dξ,

where α ∈ {0, 1, 2}. Hence, the equilibrium moments µ(eq) satisfy

µ(eq) =
(
ρ, ρv1, ρ(v

2
1 + c2s)

)T
.

2 Spatial EPDEs

2.1 SRT

2.1.1 Definitions

Collision operator C:

C (f) = ω
(
M−1µ(eq) − f

)
,

ω ∈ (0, 2) .

2.1.2 Conservation of mass equation

attached text file: output_d1q3_nse_srt_symbolic_pde_00.txt

∂ρ
∂t + δlv1

δt

∂ρ
∂x1

+ δlρ
δt

∂v1

∂x1
+ (−1 + v21 + 3c2s)

δ3l v1
12δt

∂3ρ
∂x3

1
+ (−1 + 3v21 + c2s)

δ3l ρ
12δt

∂3v1
∂x3

1
+

(−3ωv41 + 2c4s − 12ωv21c
2
s + 6v41 − ωc4s + 24v21c

2
s − 6v21 + ωc2s + 3ωv21 − 2c2s)

δ4l
24ωδt

∂4ρ
∂x4

1
+

(−4 + 2ω + 10v21 − 3ωc2s − 5ωv21 + 6c2s)
δ4l v1ρ
12ωδt

∂4v1
∂x4

1
= 0.

2.1.3 Conservation of momentum equation

attached text file: output_d1q3_nse_srt_symbolic_pde_01.txt
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Complete expression of PDE that can be directly imported to Maxima:
D[1](rho)(t,x,y,z)*dl*u(t,x,y,z)*dt^(-1)+D[0](rho)(t,x,y,z)+1/12*D[1,1,1](rho)(t,x,y,z)*(3*dl^3*u(t,x,y,z)*dt^(-1)*c_s^2+dl^3*u(t,x,y,z)^3*dt^(-1)-dl^3*u(t,x,y,z)*dt^(-1))-1/12*(dl^3*rho(t,x,y,z)*dt^(-1)-dl^3*rho(t,x,y,z)*dt^(-1)*c_s^2-3*dl^3*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1))*D[1,1,1](u)(t,x,y,z)-1/24*(dl^4*dt^(-1)*c_s^4+2*omega^(-1)*dl^4*dt^(-1)*c_s^2+6*omega^(-1)*dl^4*u(t,x,y,z)^2*dt^(-1)+12*dl^4*u(t,x,y,z)^2*dt^(-1)*c_s^2+3*dl^4*u(t,x,y,z)^4*dt^(-1)-6*omega^(-1)*dl^4*u(t,x,y,z)^4*dt^(-1)-24*omega^(-1)*dl^4*u(t,x,y,z)^2*dt^(-1)*c_s^2-dl^4*dt^(-1)*c_s^2-2*omega^(-1)*dl^4*dt^(-1)*c_s^4-3*dl^4*u(t,x,y,z)^2*dt^(-1))*D[1,1,1,1](rho)(t,x,y,z)+D[1](u)(t,x,y,z)*dl*rho(t,x,y,z)*dt^(-1)-1/12*D[1,1,1,1](u)(t,x,y,z)*(3*dl^4*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)*c_s^2-10*omega^(-1)*dl^4*u(t,x,y,z)^3*rho(t,x,y,z)*dt^(-1)+4*omega^(-1)*dl^4*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)-6*omega^(-1)*dl^4*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)*c_s^2+5*dl^4*u(t,x,y,z)^3*rho(t,x,y,z)*dt^(-1)-2*dl^4*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1))=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dl*u*dt^(-1)
D[1](u)
	dl*rho*dt^(-1)
D[0](rho)
	1
D[1,1,1](rho)
	1/4*dl^3*u*dt^(-1)*c_s^2+1/12*dl^3*u^3*dt^(-1)-1/12*dl^3*u*dt^(-1)
D[1,1,1](u)
	-1/12*dl^3*rho*dt^(-1)+1/12*dl^3*rho*dt^(-1)*c_s^2+1/4*dl^3*u^2*rho*dt^(-1)
D[1,1,1,1](rho)
	-1/24*dl^4*dt^(-1)*c_s^4-1/12*omega^(-1)*dl^4*dt^(-1)*c_s^2-1/4*omega^(-1)*dl^4*u^2*dt^(-1)-1/2*dl^4*u^2*dt^(-1)*c_s^2-1/8*dl^4*u^4*dt^(-1)+1/4*omega^(-1)*dl^4*u^4*dt^(-1)+omega^(-1)*dl^4*u^2*dt^(-1)*c_s^2+1/24*dl^4*dt^(-1)*c_s^2+1/12*omega^(-1)*dl^4*dt^(-1)*c_s^4+1/8*dl^4*u^2*dt^(-1)
D[1,1,1,1](u)
	-1/4*dl^4*u*rho*dt^(-1)*c_s^2+5/6*omega^(-1)*dl^4*u^3*rho*dt^(-1)-1/3*omega^(-1)*dl^4*u*rho*dt^(-1)+1/2*omega^(-1)*dl^4*u*rho*dt^(-1)*c_s^2-5/12*dl^4*u^3*rho*dt^(-1)+1/6*dl^4*u*rho*dt^(-1)




LBMAT
output_d1q3_nse_srt_symbolic_pde_00.txt


Complete expression of PDE that can be directly imported to Maxima:
1/2*D[1,1](u)(t,x,y,z)*(6*omega^(-1)*dl^2*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)+2*omega^(-1)*dl^2*rho(t,x,y,z)*dt^(-1)*c_s^2-2*omega^(-1)*dl^2*rho(t,x,y,z)*dt^(-1)+dl^2*rho(t,x,y,z)*dt^(-1)-3*dl^2*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)-dl^2*rho(t,x,y,z)*dt^(-1)*c_s^2)+1/2*(2*omega^(-1)*dl^2*u(t,x,y,z)^3*dt^(-1)+dl^2*u(t,x,y,z)*dt^(-1)-3*dl^2*u(t,x,y,z)*dt^(-1)*c_s^2-2*omega^(-1)*dl^2*u(t,x,y,z)*dt^(-1)+6*omega^(-1)*dl^2*u(t,x,y,z)*dt^(-1)*c_s^2-dl^2*u(t,x,y,z)^3*dt^(-1))*D[1,1](rho)(t,x,y,z)+D[1](rho)(t,x,y,z)*(dl*dt^(-1)*c_s^2+dl*u(t,x,y,z)^2*dt^(-1))+1/12*D[1,1,1,1](u)(t,x,y,z)*(432*omega^(-3)*dl^4*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)*c_s^2+8*omega^(-1)*dl^4*rho(t,x,y,z)*dt^(-1)+14*omega^(-1)*dl^4*rho(t,x,y,z)*dt^(-1)*c_s^4-36*omega^(-3)*dl^4*rho(t,x,y,z)*dt^(-1)*c_s^2-36*omega^(-2)*dl^4*rho(t,x,y,z)*dt^(-1)*c_s^4+14*dl^4*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)+504*omega^(-3)*dl^4*u(t,x,y,z)^4*rho(t,x,y,z)*dt^(-1)+2*dl^4*rho(t,x,y,z)*dt^(-1)*c_s^2-252*omega^(-3)*dl^4*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)-29*dl^4*u(t,x,y,z)^4*rho(t,x,y,z)*dt^(-1)-154*omega^(-1)*dl^4*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)-18*dl^4*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)*c_s^2-18*omega^(-2)*dl^4*rho(t,x,y,z)*dt^(-1)+378*omega^(-2)*dl^4*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)-dl^4*rho(t,x,y,z)*dt^(-1)*c_s^4-648*omega^(-2)*dl^4*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)*c_s^2+310*omega^(-1)*dl^4*u(t,x,y,z)^4*rho(t,x,y,z)*dt^(-1)-22*omega^(-1)*dl^4*rho(t,x,y,z)*dt^(-1)*c_s^2+252*omega^(-1)*dl^4*u(t,x,y,z)^2*rho(t,x,y,z)*dt^(-1)*c_s^2-dl^4*rho(t,x,y,z)*dt^(-1)-756*omega^(-2)*dl^4*u(t,x,y,z)^4*rho(t,x,y,z)*dt^(-1)+24*omega^(-3)*dl^4*rho(t,x,y,z)*dt^(-1)*c_s^4+12*omega^(-3)*dl^4*rho(t,x,y,z)*dt^(-1)+54*omega^(-2)*dl^4*rho(t,x,y,z)*dt^(-1)*c_s^2)-3*D[1](u)(t,x,y,z)^2*(dl^2*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)-2*omega^(-1)*dl^2*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1))-1/6*D[1,1,1](u)(t,x,y,z)*(4*dl^3*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)-11*dl^3*u(t,x,y,z)^3*rho(t,x,y,z)*dt^(-1)+36*omega^(-1)*dl^3*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)*c_s^2+24*omega^(-2)*dl^3*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)-24*omega^(-1)*dl^3*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)+60*omega^(-1)*dl^3*u(t,x,y,z)^3*rho(t,x,y,z)*dt^(-1)-5*dl^3*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)*c_s^2-60*omega^(-2)*dl^3*u(t,x,y,z)^3*rho(t,x,y,z)*dt^(-1)-36*omega^(-2)*dl^3*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)*c_s^2)+D[0](rho)(t,x,y,z)*u(t,x,y,z)-1/12*D[1,1,1](rho)(t,x,y,z)*(7*dl^3*u(t,x,y,z)^2*dt^(-1)+dl^3*dt^(-1)*c_s^2+12*omega^(-1)*dl^3*dt^(-1)*c_s^4-144*omega^(-2)*dl^3*u(t,x,y,z)^2*dt^(-1)*c_s^2+36*omega^(-2)*dl^3*u(t,x,y,z)^2*dt^(-1)+36*omega^(-1)*dl^3*u(t,x,y,z)^4*dt^(-1)+144*omega^(-1)*dl^3*u(t,x,y,z)^2*dt^(-1)*c_s^2+12*omega^(-2)*dl^3*dt^(-1)*c_s^2-7*dl^3*u(t,x,y,z)^4*dt^(-1)-12*omega^(-2)*dl^3*dt^(-1)*c_s^4-36*omega^(-1)*dl^3*u(t,x,y,z)^2*dt^(-1)-24*dl^3*u(t,x,y,z)^2*dt^(-1)*c_s^2-36*omega^(-2)*dl^3*u(t,x,y,z)^4*dt^(-1)-dl^3*dt^(-1)*c_s^4-12*omega^(-1)*dl^3*dt^(-1)*c_s^2)+2*D[1](u)(t,x,y,z)*dl*u(t,x,y,z)*rho(t,x,y,z)*dt^(-1)-(2*omega^(-1)*dl^2*dt^(-1)-4*omega^(-1)*dl^2*dt^(-1)*c_s^2-6*omega^(-1)*dl^2*u(t,x,y,z)^2*dt^(-1)+2*dl^2*dt^(-1)*c_s^2-dl^2*dt^(-1)+3*dl^2*u(t,x,y,z)^2*dt^(-1))*D[1](u)(t,x,y,z)*D[1](rho)(t,x,y,z)+D[0](u)(t,x,y,z)*rho(t,x,y,z)-1/12*D[1,1,1,1](rho)(t,x,y,z)*(dl^4*u(t,x,y,z)*dt^(-1)+1008*omega^(-2)*dl^4*u(t,x,y,z)^3*dt^(-1)*c_s^2+5*dl^4*u(t,x,y,z)*dt^(-1)*c_s^4-404*omega^(-1)*dl^4*u(t,x,y,z)^3*dt^(-1)*c_s^2-12*omega^(-3)*dl^4*u(t,x,y,z)*dt^(-1)+216*omega^(-2)*dl^4*u(t,x,y,z)^5*dt^(-1)-144*omega^(-3)*dl^4*u(t,x,y,z)^5*dt^(-1)+78*omega^(-1)*dl^4*u(t,x,y,z)*dt^(-1)*c_s^2+18*omega^(-2)*dl^4*u(t,x,y,z)*dt^(-1)-144*omega^(-3)*dl^4*u(t,x,y,z)*dt^(-1)*c_s^4-198*omega^(-2)*dl^4*u(t,x,y,z)*dt^(-1)*c_s^2+9*dl^4*u(t,x,y,z)^5*dt^(-1)+98*omega^(-1)*dl^4*u(t,x,y,z)^3*dt^(-1)+34*dl^4*u(t,x,y,z)^3*dt^(-1)*c_s^2-82*omega^(-1)*dl^4*u(t,x,y,z)*dt^(-1)*c_s^4+156*omega^(-3)*dl^4*u(t,x,y,z)^3*dt^(-1)-90*omega^(-1)*dl^4*u(t,x,y,z)^5*dt^(-1)-10*dl^4*u(t,x,y,z)^3*dt^(-1)+132*omega^(-3)*dl^4*u(t,x,y,z)*dt^(-1)*c_s^2+216*omega^(-2)*dl^4*u(t,x,y,z)*dt^(-1)*c_s^4-8*omega^(-1)*dl^4*u(t,x,y,z)*dt^(-1)-672*omega^(-3)*dl^4*u(t,x,y,z)^3*dt^(-1)*c_s^2-234*omega^(-2)*dl^4*u(t,x,y,z)^3*dt^(-1)-6*dl^4*u(t,x,y,z)*dt^(-1)*c_s^2)=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dl*dt^(-1)*c_s^2+dl*u^2*dt^(-1)
D[1](u)
	2*dl*u*rho*dt^(-1)
D[0](rho)
	u
D[0](u)
	rho
D[1,1](rho)
	omega^(-1)*dl^2*u^3*dt^(-1)+1/2*dl^2*u*dt^(-1)-3/2*dl^2*u*dt^(-1)*c_s^2-omega^(-1)*dl^2*u*dt^(-1)+3*omega^(-1)*dl^2*u*dt^(-1)*c_s^2-1/2*dl^2*u^3*dt^(-1)
D[1,1](u)
	3*omega^(-1)*dl^2*u^2*rho*dt^(-1)+omega^(-1)*dl^2*rho*dt^(-1)*c_s^2-omega^(-1)*dl^2*rho*dt^(-1)+1/2*dl^2*rho*dt^(-1)-3/2*dl^2*u^2*rho*dt^(-1)-1/2*dl^2*rho*dt^(-1)*c_s^2
D[1,1,1](rho)
	-7/12*dl^3*u^2*dt^(-1)-1/12*dl^3*dt^(-1)*c_s^2-omega^(-1)*dl^3*dt^(-1)*c_s^4+12*omega^(-2)*dl^3*u^2*dt^(-1)*c_s^2-3*omega^(-2)*dl^3*u^2*dt^(-1)-3*omega^(-1)*dl^3*u^4*dt^(-1)-12*omega^(-1)*dl^3*u^2*dt^(-1)*c_s^2-omega^(-2)*dl^3*dt^(-1)*c_s^2+7/12*dl^3*u^4*dt^(-1)+omega^(-2)*dl^3*dt^(-1)*c_s^4+3*omega^(-1)*dl^3*u^2*dt^(-1)+2*dl^3*u^2*dt^(-1)*c_s^2+3*omega^(-2)*dl^3*u^4*dt^(-1)+1/12*dl^3*dt^(-1)*c_s^4+omega^(-1)*dl^3*dt^(-1)*c_s^2
D[1,1,1](u)
	-2/3*dl^3*u*rho*dt^(-1)+11/6*dl^3*u^3*rho*dt^(-1)-6*omega^(-1)*dl^3*u*rho*dt^(-1)*c_s^2-4*omega^(-2)*dl^3*u*rho*dt^(-1)+4*omega^(-1)*dl^3*u*rho*dt^(-1)-10*omega^(-1)*dl^3*u^3*rho*dt^(-1)+5/6*dl^3*u*rho*dt^(-1)*c_s^2+10*omega^(-2)*dl^3*u^3*rho*dt^(-1)+6*omega^(-2)*dl^3*u*rho*dt^(-1)*c_s^2
D[1,1,1,1](rho)
	-1/12*dl^4*u*dt^(-1)-84*omega^(-2)*dl^4*u^3*dt^(-1)*c_s^2-5/12*dl^4*u*dt^(-1)*c_s^4+101/3*omega^(-1)*dl^4*u^3*dt^(-1)*c_s^2+omega^(-3)*dl^4*u*dt^(-1)-18*omega^(-2)*dl^4*u^5*dt^(-1)+12*omega^(-3)*dl^4*u^5*dt^(-1)-13/2*omega^(-1)*dl^4*u*dt^(-1)*c_s^2-3/2*omega^(-2)*dl^4*u*dt^(-1)+12*omega^(-3)*dl^4*u*dt^(-1)*c_s^4+33/2*omega^(-2)*dl^4*u*dt^(-1)*c_s^2-3/4*dl^4*u^5*dt^(-1)-49/6*omega^(-1)*dl^4*u^3*dt^(-1)-17/6*dl^4*u^3*dt^(-1)*c_s^2+41/6*omega^(-1)*dl^4*u*dt^(-1)*c_s^4-13*omega^(-3)*dl^4*u^3*dt^(-1)+15/2*omega^(-1)*dl^4*u^5*dt^(-1)+5/6*dl^4*u^3*dt^(-1)-11*omega^(-3)*dl^4*u*dt^(-1)*c_s^2-18*omega^(-2)*dl^4*u*dt^(-1)*c_s^4+2/3*omega^(-1)*dl^4*u*dt^(-1)+56*omega^(-3)*dl^4*u^3*dt^(-1)*c_s^2+39/2*omega^(-2)*dl^4*u^3*dt^(-1)+1/2*dl^4*u*dt^(-1)*c_s^2
D[1,1,1,1](u)
	36*omega^(-3)*dl^4*u^2*rho*dt^(-1)*c_s^2+2/3*omega^(-1)*dl^4*rho*dt^(-1)+7/6*omega^(-1)*dl^4*rho*dt^(-1)*c_s^4-3*omega^(-3)*dl^4*rho*dt^(-1)*c_s^2-3*omega^(-2)*dl^4*rho*dt^(-1)*c_s^4+7/6*dl^4*u^2*rho*dt^(-1)+42*omega^(-3)*dl^4*u^4*rho*dt^(-1)+1/6*dl^4*rho*dt^(-1)*c_s^2-21*omega^(-3)*dl^4*u^2*rho*dt^(-1)-29/12*dl^4*u^4*rho*dt^(-1)-77/6*omega^(-1)*dl^4*u^2*rho*dt^(-1)-3/2*dl^4*u^2*rho*dt^(-1)*c_s^2-3/2*omega^(-2)*dl^4*rho*dt^(-1)+63/2*omega^(-2)*dl^4*u^2*rho*dt^(-1)-1/12*dl^4*rho*dt^(-1)*c_s^4-54*omega^(-2)*dl^4*u^2*rho*dt^(-1)*c_s^2+155/6*omega^(-1)*dl^4*u^4*rho*dt^(-1)-11/6*omega^(-1)*dl^4*rho*dt^(-1)*c_s^2+21*omega^(-1)*dl^4*u^2*rho*dt^(-1)*c_s^2-1/12*dl^4*rho*dt^(-1)-63*omega^(-2)*dl^4*u^4*rho*dt^(-1)+2*omega^(-3)*dl^4*rho*dt^(-1)*c_s^4+omega^(-3)*dl^4*rho*dt^(-1)+9/2*omega^(-2)*dl^4*rho*dt^(-1)*c_s^2
D[1](rho)  *  D[1](u)
	-2*omega^(-1)*dl^2*dt^(-1)+4*omega^(-1)*dl^2*dt^(-1)*c_s^2+6*omega^(-1)*dl^2*u^2*dt^(-1)-2*dl^2*dt^(-1)*c_s^2+dl^2*dt^(-1)-3*dl^2*u^2*dt^(-1)
D[1](u)  *  D[1](u)
	-3*dl^2*u*rho*dt^(-1)+6*omega^(-1)*dl^2*u*rho*dt^(-1)
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v1
∂ρ
∂t + ρ∂v1

∂t + (v21 + c2s)
δl
δt

∂ρ
∂x1

+ 2δlv1ρ
δt

∂v1

∂x1
+ (−2 + ω + 6v21 − 2ωc2s − 3ωv21 + 4c2s)

δ2l
ωδt

∂ρ
∂x1

∂v1

∂x1
+

(2−ω)
3δ2l v1ρ
ωδt

(
∂v1

∂x1

)2
+ (−2+ω+2v21 − 3ωc2s −ωv21 +6c2s)

δ2l v1
2ωδt

∂2ρ
∂x2

1
+ (−2+ω+6v21 −ωc2s − 3ωv21 +2c2s)

δ2l ρ
2ωδt

∂2v1
∂x2

1

+ C1
δ3l

12ω2δt

∂3ρ
∂x3

1
+ (−24 + 24ω + 11ω2v21 − 4ω2 + 5ω2c2s + 60v21 − 36ωc2s − 60ωv21 + 36c2s)

δ3l v1ρ
6ω2δt

∂3v1

∂x3
1

+

C2
δ4l v1

12ω3δt

∂4ρ
∂x4

1
+ C3

δ4l ρ
12ω3δt

∂4v1
∂x4

1
= 0,

where:

C1 = −36ωv4
1 + 12c4s − 7ω2v2

1 − 144ωv2
1c

2
s − ω2c2s + 36v4

1 − 12ωc4s + ω2c4s + 24ω2v2
1c

2
s + 144v2

1c
2
s − 36v2

1 + 12ωc2s + 36ωv2
1 − 12c2s + 7ω2v4

1

C2 = 12− 18ω + 6ω3c2s − 216ωv4
1 + 144c4s − 34ω3v2

1c
2
s − 98ω2v2

1 + 8ω2 − 1008ωv2
1c

2
s − 78ω2c2s + 144v4

1 − ω3 − 216ωc4s + 10ω3v2
1 + 82ω2c4s +

404ω2v2
1c

2
s − 9ω3v4

1 + 672v2
1c

2
s − 156v2

1 + 198ωc2s + 234ωv2
1 − 132c2s − 5ω3c4s + 90ω2v4

1

C3 = 12 − 18ω + 2ω3c2s − 756ωv4
1 + 24c4s − 18ω3v2

1c
2
s − 154ω2v2

1 + 8ω2 − 648ωv2
1c

2
s − 22ω2c2s + 504v4

1 − ω3 − 36ωc4s + 14ω3v2
1 + 14ω2c4s +

252ω2v2
1c

2
s − 29ω3v4

1 + 432v2
1c

2
s − 252v2

1 + 54ωc2s + 378ωv2
1 − 36c2s − ω3c4s + 310ω2v4

1

2.2 MRT

2.2.1 Definitions

Collision operator C:

C (f) = M−1S
(
µ(eq) −Mf

)
,

where
S = diag(ω1, ω2, ω3),

ω1, ω2, ω3 ∈ (0, 2) .

2.2.2 Conservation of mass equation

attached text file: output_d1q3_nse_mrt1_symbolic_pde_00.txt

∂ρ
∂t + δlv1

δt

∂ρ
∂x1

+ δlρ
δt

∂v1

∂x1
+ (−1 + 3c2s + v21)

δ3l v1
12δt

∂3ρ
∂x3

1
+ (−1 + c2s + 3v21)

δ3l ρ
12δt

∂3v1
∂x3

1
+

(−3v41ω3 + ω3c
2
s − 2c2s − 6v21 + 3v21ω3 + 6v41 − 12v21ω3c

2
s + 24v21c

2
s − ω3c

4
s + 2c4s)

δ4l
24ω3δt

∂4ρ
∂x4

1
+

(−4− 3ω3c
2
s + 6c2s + 10v21 + 2ω3 − 5v21ω3)

δ4l v1ρ
12ω3δt

∂4v1

∂x4
1

= 0.

2.2.3 Conservation of momentum equation

attached text file: output_d1q3_nse_mrt1_symbolic_pde_01.txt

v1
∂ρ
∂t + ρ∂v1

∂t + (c2s + v21)
δl
δt

∂ρ
∂x1

+ 2δlv1ρ
δt

∂v1

∂x1
+ (−2− 2ω3c

2
s + 4c2s + 6v21 + ω3 − 3v21ω3)

δ2l
ω3δt

∂ρ
∂x1

∂v1

∂x1
+

(2− ω3)
3δ2l v1ρ
ω3δt

(
∂v1

∂x1

)2
+ (−2− 3ω3c

2
s + 6c2s + 2v21 + ω3 − v21ω3)

δ2l v1
2ω3δt

∂2ρ
∂x2

1
+

(−2− ω3c
2
s + 2c2s + 6v21 + ω3 − 3v21ω3)

δ2l ρ
2ω3δt

∂2v1
∂x2

1
+ C1

δ3l
12ω2

3δt

∂3ρ
∂x3

1
+

(−24− 36ω3c
2
s + 36c2s + 60v21 + 24ω3 − 4ω2

3 − 60v21ω3 + 5ω2
3c

2
s + 11v21ω

2
3)

δ3l v1ρ

6ω2
3δt

∂3v1
∂x3

1
+ C2

δ4l v1
12ω3

3δt

∂4ρ
∂x4

1
+

C3
δ4l ρ

12ω3
3δt

∂4v1
∂x4

1
= 0,

where:

4


Complete expression of PDE that can be directly imported to Maxima:
dl*u(t,x,y,z)*dt^(-1)*D[1](rho)(t,x,y,z)+1/12*(3*dl^3*u(t,x,y,z)*dt^(-1)*c_s^2+dl^3*u(t,x,y,z)^3*dt^(-1)-dl^3*u(t,x,y,z)*dt^(-1))*D[1,1,1](rho)(t,x,y,z)-1/12*(dl^3*dt^(-1)*rho(t,x,y,z)-dl^3*dt^(-1)*c_s^2*rho(t,x,y,z)-3*dl^3*u(t,x,y,z)^2*dt^(-1)*rho(t,x,y,z))*D[1,1,1](u)(t,x,y,z)+dl*dt^(-1)*rho(t,x,y,z)*D[1](u)(t,x,y,z)-1/24*(2*dl^4*omega3^(-1)*dt^(-1)*c_s^2+dl^4*dt^(-1)*c_s^4+12*dl^4*u(t,x,y,z)^2*dt^(-1)*c_s^2+6*dl^4*u(t,x,y,z)^2*omega3^(-1)*dt^(-1)+3*dl^4*u(t,x,y,z)^4*dt^(-1)-6*dl^4*u(t,x,y,z)^4*omega3^(-1)*dt^(-1)-2*dl^4*omega3^(-1)*dt^(-1)*c_s^4-3*dl^4*u(t,x,y,z)^2*dt^(-1)-dl^4*dt^(-1)*c_s^2-24*dl^4*u(t,x,y,z)^2*omega3^(-1)*dt^(-1)*c_s^2)*D[1,1,1,1](rho)(t,x,y,z)+D[0](rho)(t,x,y,z)-1/12*(3*dl^4*u(t,x,y,z)*dt^(-1)*c_s^2*rho(t,x,y,z)+4*dl^4*u(t,x,y,z)*omega3^(-1)*dt^(-1)*rho(t,x,y,z)-6*dl^4*u(t,x,y,z)*omega3^(-1)*dt^(-1)*c_s^2*rho(t,x,y,z)-2*dl^4*u(t,x,y,z)*dt^(-1)*rho(t,x,y,z)-10*dl^4*u(t,x,y,z)^3*omega3^(-1)*dt^(-1)*rho(t,x,y,z)+5*dl^4*u(t,x,y,z)^3*dt^(-1)*rho(t,x,y,z))*D[1,1,1,1](u)(t,x,y,z)=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dl*u*dt^(-1)
D[1](u)
	dl*dt^(-1)*rho
D[0](rho)
	1
D[1,1,1](rho)
	1/4*dl^3*u*dt^(-1)*c_s^2+1/12*dl^3*u^3*dt^(-1)-1/12*dl^3*u*dt^(-1)
D[1,1,1](u)
	-1/12*dl^3*dt^(-1)*rho+1/12*dl^3*dt^(-1)*c_s^2*rho+1/4*dl^3*u^2*dt^(-1)*rho
D[1,1,1,1](rho)
	-1/12*dl^4*omega3^(-1)*dt^(-1)*c_s^2-1/24*dl^4*dt^(-1)*c_s^4-1/2*dl^4*u^2*dt^(-1)*c_s^2-1/4*dl^4*u^2*omega3^(-1)*dt^(-1)-1/8*dl^4*u^4*dt^(-1)+1/4*dl^4*u^4*omega3^(-1)*dt^(-1)+1/12*dl^4*omega3^(-1)*dt^(-1)*c_s^4+1/8*dl^4*u^2*dt^(-1)+1/24*dl^4*dt^(-1)*c_s^2+dl^4*u^2*omega3^(-1)*dt^(-1)*c_s^2
D[1,1,1,1](u)
	-1/4*dl^4*u*dt^(-1)*c_s^2*rho-1/3*dl^4*u*omega3^(-1)*dt^(-1)*rho+1/2*dl^4*u*omega3^(-1)*dt^(-1)*c_s^2*rho+1/6*dl^4*u*dt^(-1)*rho+5/6*dl^4*u^3*omega3^(-1)*dt^(-1)*rho-5/12*dl^4*u^3*dt^(-1)*rho
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Complete expression of PDE that can be directly imported to Maxima:
1/6*D[1,1,1](u)(t,x,y,z)*(11*dl^3*u(t,x,y,z)^3*dt^(-1)*rho(t,x,y,z)-60*dl^3*u(t,x,y,z)^3*omega3^(-1)*dt^(-1)*rho(t,x,y,z)-24*dl^3*u(t,x,y,z)*omega3^(-2)*dt^(-1)*rho(t,x,y,z)+36*dl^3*u(t,x,y,z)*omega3^(-2)*dt^(-1)*c_s^2*rho(t,x,y,z)-4*dl^3*u(t,x,y,z)*dt^(-1)*rho(t,x,y,z)+60*dl^3*u(t,x,y,z)^3*omega3^(-2)*dt^(-1)*rho(t,x,y,z)+5*dl^3*u(t,x,y,z)*dt^(-1)*c_s^2*rho(t,x,y,z)-36*dl^3*u(t,x,y,z)*omega3^(-1)*dt^(-1)*c_s^2*rho(t,x,y,z)+24*dl^3*u(t,x,y,z)*omega3^(-1)*dt^(-1)*rho(t,x,y,z))-3*(dl^2*u(t,x,y,z)*dt^(-1)*rho(t,x,y,z)-2*dl^2*u(t,x,y,z)*omega3^(-1)*dt^(-1)*rho(t,x,y,z))*D[1](u)(t,x,y,z)^2+2*dl*u(t,x,y,z)*dt^(-1)*rho(t,x,y,z)*D[1](u)(t,x,y,z)-1/12*(18*dl^4*u(t,x,y,z)*omega3^(-2)*dt^(-1)+dl^4*u(t,x,y,z)*dt^(-1)+5*dl^4*u(t,x,y,z)*dt^(-1)*c_s^4+156*dl^4*u(t,x,y,z)^3*omega3^(-3)*dt^(-1)+132*dl^4*u(t,x,y,z)*omega3^(-3)*dt^(-1)*c_s^2-90*dl^4*u(t,x,y,z)^5*omega3^(-1)*dt^(-1)+9*dl^4*u(t,x,y,z)^5*dt^(-1)+78*dl^4*u(t,x,y,z)*omega3^(-1)*dt^(-1)*c_s^2-12*dl^4*u(t,x,y,z)*omega3^(-3)*dt^(-1)+216*dl^4*u(t,x,y,z)*omega3^(-2)*dt^(-1)*c_s^4-234*dl^4*u(t,x,y,z)^3*omega3^(-2)*dt^(-1)+1008*dl^4*u(t,x,y,z)^3*omega3^(-2)*dt^(-1)*c_s^2-198*dl^4*u(t,x,y,z)*omega3^(-2)*dt^(-1)*c_s^2-144*dl^4*u(t,x,y,z)^5*omega3^(-3)*dt^(-1)+98*dl^4*u(t,x,y,z)^3*omega3^(-1)*dt^(-1)-10*dl^4*u(t,x,y,z)^3*dt^(-1)-82*dl^4*u(t,x,y,z)*omega3^(-1)*dt^(-1)*c_s^4+34*dl^4*u(t,x,y,z)^3*dt^(-1)*c_s^2-404*dl^4*u(t,x,y,z)^3*omega3^(-1)*dt^(-1)*c_s^2-672*dl^4*u(t,x,y,z)^3*omega3^(-3)*dt^(-1)*c_s^2+216*dl^4*u(t,x,y,z)^5*omega3^(-2)*dt^(-1)-6*dl^4*u(t,x,y,z)*dt^(-1)*c_s^2-144*dl^4*u(t,x,y,z)*omega3^(-3)*dt^(-1)*c_s^4-8*dl^4*u(t,x,y,z)*omega3^(-1)*dt^(-1))*D[1,1,1,1](rho)(t,x,y,z)+rho(t,x,y,z)*D[0](u)(t,x,y,z)+1/2*(6*dl^2*u(t,x,y,z)^2*omega3^(-1)*dt^(-1)*rho(t,x,y,z)-dl^2*dt^(-1)*c_s^2*rho(t,x,y,z)-3*dl^2*u(t,x,y,z)^2*dt^(-1)*rho(t,x,y,z)-2*dl^2*omega3^(-1)*dt^(-1)*rho(t,x,y,z)+2*dl^2*omega3^(-1)*dt^(-1)*c_s^2*rho(t,x,y,z)+dl^2*dt^(-1)*rho(t,x,y,z))*D[1,1](u)(t,x,y,z)-1/12*D[1,1,1,1](u)(t,x,y,z)*(36*dl^4*omega3^(-3)*dt^(-1)*c_s^2*rho(t,x,y,z)-12*dl^4*omega3^(-3)*dt^(-1)*rho(t,x,y,z)+29*dl^4*u(t,x,y,z)^4*dt^(-1)*rho(t,x,y,z)-310*dl^4*u(t,x,y,z)^4*omega3^(-1)*dt^(-1)*rho(t,x,y,z)-2*dl^4*dt^(-1)*c_s^2*rho(t,x,y,z)-14*dl^4*u(t,x,y,z)^2*dt^(-1)*rho(t,x,y,z)-14*dl^4*omega3^(-1)*dt^(-1)*c_s^4*rho(t,x,y,z)-504*dl^4*u(t,x,y,z)^4*omega3^(-3)*dt^(-1)*rho(t,x,y,z)-378*dl^4*u(t,x,y,z)^2*omega3^(-2)*dt^(-1)*rho(t,x,y,z)-8*dl^4*omega3^(-1)*dt^(-1)*rho(t,x,y,z)-54*dl^4*omega3^(-2)*dt^(-1)*c_s^2*rho(t,x,y,z)-252*dl^4*u(t,x,y,z)^2*omega3^(-1)*dt^(-1)*c_s^2*rho(t,x,y,z)+18*dl^4*u(t,x,y,z)^2*dt^(-1)*c_s^2*rho(t,x,y,z)-432*dl^4*u(t,x,y,z)^2*omega3^(-3)*dt^(-1)*c_s^2*rho(t,x,y,z)-24*dl^4*omega3^(-3)*dt^(-1)*c_s^4*rho(t,x,y,z)+18*dl^4*omega3^(-2)*dt^(-1)*rho(t,x,y,z)+154*dl^4*u(t,x,y,z)^2*omega3^(-1)*dt^(-1)*rho(t,x,y,z)+dl^4*dt^(-1)*rho(t,x,y,z)+36*dl^4*omega3^(-2)*dt^(-1)*c_s^4*rho(t,x,y,z)+252*dl^4*u(t,x,y,z)^2*omega3^(-3)*dt^(-1)*rho(t,x,y,z)+dl^4*dt^(-1)*c_s^4*rho(t,x,y,z)+648*dl^4*u(t,x,y,z)^2*omega3^(-2)*dt^(-1)*c_s^2*rho(t,x,y,z)+756*dl^4*u(t,x,y,z)^4*omega3^(-2)*dt^(-1)*rho(t,x,y,z)+22*dl^4*omega3^(-1)*dt^(-1)*c_s^2*rho(t,x,y,z))-(3*dl^2*u(t,x,y,z)^2*dt^(-1)+2*dl^2*dt^(-1)*c_s^2-dl^2*dt^(-1)-4*dl^2*omega3^(-1)*dt^(-1)*c_s^2+2*dl^2*omega3^(-1)*dt^(-1)-6*dl^2*u(t,x,y,z)^2*omega3^(-1)*dt^(-1))*D[1](u)(t,x,y,z)*D[1](rho)(t,x,y,z)+u(t,x,y,z)*D[0](rho)(t,x,y,z)+1/2*(2*dl^2*u(t,x,y,z)^3*omega3^(-1)*dt^(-1)+6*dl^2*u(t,x,y,z)*omega3^(-1)*dt^(-1)*c_s^2+dl^2*u(t,x,y,z)*dt^(-1)-3*dl^2*u(t,x,y,z)*dt^(-1)*c_s^2-2*dl^2*u(t,x,y,z)*omega3^(-1)*dt^(-1)-dl^2*u(t,x,y,z)^3*dt^(-1))*D[1,1](rho)(t,x,y,z)+(dl*dt^(-1)*c_s^2+dl*u(t,x,y,z)^2*dt^(-1))*D[1](rho)(t,x,y,z)-1/12*D[1,1,1](rho)(t,x,y,z)*(144*dl^3*u(t,x,y,z)^2*omega3^(-1)*dt^(-1)*c_s^2+12*dl^3*omega3^(-1)*dt^(-1)*c_s^4+7*dl^3*u(t,x,y,z)^2*dt^(-1)+dl^3*dt^(-1)*c_s^2+12*dl^3*omega3^(-2)*dt^(-1)*c_s^2+36*dl^3*u(t,x,y,z)^2*omega3^(-2)*dt^(-1)-36*dl^3*u(t,x,y,z)^4*omega3^(-2)*dt^(-1)-7*dl^3*u(t,x,y,z)^4*dt^(-1)+36*dl^3*u(t,x,y,z)^4*omega3^(-1)*dt^(-1)-24*dl^3*u(t,x,y,z)^2*dt^(-1)*c_s^2-144*dl^3*u(t,x,y,z)^2*omega3^(-2)*dt^(-1)*c_s^2-36*dl^3*u(t,x,y,z)^2*omega3^(-1)*dt^(-1)-dl^3*dt^(-1)*c_s^4-12*dl^3*omega3^(-2)*dt^(-1)*c_s^4-12*dl^3*omega3^(-1)*dt^(-1)*c_s^2)=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dl*dt^(-1)*c_s^2+dl*u^2*dt^(-1)
D[1](u)
	2*dl*u*dt^(-1)*rho
D[0](rho)
	u
D[0](u)
	rho
D[1,1](rho)
	dl^2*u^3*omega3^(-1)*dt^(-1)+3*dl^2*u*omega3^(-1)*dt^(-1)*c_s^2+1/2*dl^2*u*dt^(-1)-3/2*dl^2*u*dt^(-1)*c_s^2-dl^2*u*omega3^(-1)*dt^(-1)-1/2*dl^2*u^3*dt^(-1)
D[1,1](u)
	3*dl^2*u^2*omega3^(-1)*dt^(-1)*rho-1/2*dl^2*dt^(-1)*c_s^2*rho-3/2*dl^2*u^2*dt^(-1)*rho-dl^2*omega3^(-1)*dt^(-1)*rho+dl^2*omega3^(-1)*dt^(-1)*c_s^2*rho+1/2*dl^2*dt^(-1)*rho
D[1,1,1](rho)
	-12*dl^3*u^2*omega3^(-1)*dt^(-1)*c_s^2-dl^3*omega3^(-1)*dt^(-1)*c_s^4-7/12*dl^3*u^2*dt^(-1)-1/12*dl^3*dt^(-1)*c_s^2-dl^3*omega3^(-2)*dt^(-1)*c_s^2-3*dl^3*u^2*omega3^(-2)*dt^(-1)+3*dl^3*u^4*omega3^(-2)*dt^(-1)+7/12*dl^3*u^4*dt^(-1)-3*dl^3*u^4*omega3^(-1)*dt^(-1)+2*dl^3*u^2*dt^(-1)*c_s^2+12*dl^3*u^2*omega3^(-2)*dt^(-1)*c_s^2+3*dl^3*u^2*omega3^(-1)*dt^(-1)+1/12*dl^3*dt^(-1)*c_s^4+dl^3*omega3^(-2)*dt^(-1)*c_s^4+dl^3*omega3^(-1)*dt^(-1)*c_s^2
D[1,1,1](u)
	11/6*dl^3*u^3*dt^(-1)*rho-10*dl^3*u^3*omega3^(-1)*dt^(-1)*rho-4*dl^3*u*omega3^(-2)*dt^(-1)*rho+6*dl^3*u*omega3^(-2)*dt^(-1)*c_s^2*rho-2/3*dl^3*u*dt^(-1)*rho+10*dl^3*u^3*omega3^(-2)*dt^(-1)*rho+5/6*dl^3*u*dt^(-1)*c_s^2*rho-6*dl^3*u*omega3^(-1)*dt^(-1)*c_s^2*rho+4*dl^3*u*omega3^(-1)*dt^(-1)*rho
D[1,1,1,1](rho)
	-3/2*dl^4*u*omega3^(-2)*dt^(-1)-1/12*dl^4*u*dt^(-1)-5/12*dl^4*u*dt^(-1)*c_s^4-13*dl^4*u^3*omega3^(-3)*dt^(-1)-11*dl^4*u*omega3^(-3)*dt^(-1)*c_s^2+15/2*dl^4*u^5*omega3^(-1)*dt^(-1)-3/4*dl^4*u^5*dt^(-1)-13/2*dl^4*u*omega3^(-1)*dt^(-1)*c_s^2+dl^4*u*omega3^(-3)*dt^(-1)-18*dl^4*u*omega3^(-2)*dt^(-1)*c_s^4+39/2*dl^4*u^3*omega3^(-2)*dt^(-1)-84*dl^4*u^3*omega3^(-2)*dt^(-1)*c_s^2+33/2*dl^4*u*omega3^(-2)*dt^(-1)*c_s^2+12*dl^4*u^5*omega3^(-3)*dt^(-1)-49/6*dl^4*u^3*omega3^(-1)*dt^(-1)+5/6*dl^4*u^3*dt^(-1)+41/6*dl^4*u*omega3^(-1)*dt^(-1)*c_s^4-17/6*dl^4*u^3*dt^(-1)*c_s^2+101/3*dl^4*u^3*omega3^(-1)*dt^(-1)*c_s^2+56*dl^4*u^3*omega3^(-3)*dt^(-1)*c_s^2-18*dl^4*u^5*omega3^(-2)*dt^(-1)+1/2*dl^4*u*dt^(-1)*c_s^2+12*dl^4*u*omega3^(-3)*dt^(-1)*c_s^4+2/3*dl^4*u*omega3^(-1)*dt^(-1)
D[1,1,1,1](u)
	-3*dl^4*omega3^(-3)*dt^(-1)*c_s^2*rho+dl^4*omega3^(-3)*dt^(-1)*rho-29/12*dl^4*u^4*dt^(-1)*rho+155/6*dl^4*u^4*omega3^(-1)*dt^(-1)*rho+1/6*dl^4*dt^(-1)*c_s^2*rho+7/6*dl^4*u^2*dt^(-1)*rho+7/6*dl^4*omega3^(-1)*dt^(-1)*c_s^4*rho+42*dl^4*u^4*omega3^(-3)*dt^(-1)*rho+63/2*dl^4*u^2*omega3^(-2)*dt^(-1)*rho+2/3*dl^4*omega3^(-1)*dt^(-1)*rho+9/2*dl^4*omega3^(-2)*dt^(-1)*c_s^2*rho+21*dl^4*u^2*omega3^(-1)*dt^(-1)*c_s^2*rho-3/2*dl^4*u^2*dt^(-1)*c_s^2*rho+36*dl^4*u^2*omega3^(-3)*dt^(-1)*c_s^2*rho+2*dl^4*omega3^(-3)*dt^(-1)*c_s^4*rho-3/2*dl^4*omega3^(-2)*dt^(-1)*rho-77/6*dl^4*u^2*omega3^(-1)*dt^(-1)*rho-1/12*dl^4*dt^(-1)*rho-3*dl^4*omega3^(-2)*dt^(-1)*c_s^4*rho-21*dl^4*u^2*omega3^(-3)*dt^(-1)*rho-1/12*dl^4*dt^(-1)*c_s^4*rho-54*dl^4*u^2*omega3^(-2)*dt^(-1)*c_s^2*rho-63*dl^4*u^4*omega3^(-2)*dt^(-1)*rho-11/6*dl^4*omega3^(-1)*dt^(-1)*c_s^2*rho
D[1](rho)  *  D[1](u)
	-3*dl^2*u^2*dt^(-1)-2*dl^2*dt^(-1)*c_s^2+dl^2*dt^(-1)+4*dl^2*omega3^(-1)*dt^(-1)*c_s^2-2*dl^2*omega3^(-1)*dt^(-1)+6*dl^2*u^2*omega3^(-1)*dt^(-1)
D[1](u)  *  D[1](u)
	-3*dl^2*u*dt^(-1)*rho+6*dl^2*u*omega3^(-1)*dt^(-1)*rho
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C1 = ω2
3c

4
s − 36v4

1ω3 +12ω3c
2
s − 12c2s +24v2

1ω
2
3c

2
s +7v4

1ω
2
3 − 36v2

1 +36v2
1ω3 +36v4

1 − 144v2
1ω3c

2
s +144v2

1c
2
s −ω2

3c
2
s − 7v2

1ω
2
3 − 12ω3c

4
s +12c4s

C2 = 12 − 34v2
1ω

3
3c

2
s + 82ω2

3c
4
s − 216v4

1ω3 + 198ω3c
2
s − 132c2s − 5ω3

3c
4
s + 404v2

1ω
2
3c

2
s − ω3

3 + 90v4
1ω

2
3 − 156v2

1 − 18ω3 + 8ω2
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1ω
3
3 +

234v2
1ω3 + 144v4

1 + 6ω3
3c

2
s − 1008v2

1ω3c
2
s + 672v2

1c
2
s − 78ω2

3c
2
s + 10v2

1ω
3
3 − 98v2

1ω
2
3 − 216ω3c

4
s + 144c4s

C3 = 12 − 18v2
1ω

3
3c

2
s + 14ω2

3c
4
s − 756v4

1ω3 + 54ω3c
2
s − 36c2s − ω3

3c
4
s + 252v2

1ω
2
3c

2
s − ω3

3 + 310v4
1ω

2
3 − 252v2

1 − 18ω3 + 8ω2
3 − 29v4

1ω
3
3 +

378v2
1ω3 + 504v4

1 + 2ω3
3c

2
s − 648v2

1ω3c
2
s + 432v2

1c
2
s − 22ω2

3c
2
s + 14v2

1ω
3
3 − 154v2

1ω
2
3 − 36ω3c

4
s + 24c4s

2.3 CLBM

2.3.1 Definitions

Collision operator C:

C (f) = K−1S
(
κ(eq) −Kf

)
,

where
S = diag(ω1, ω2, ω3),

ω1, ω2, ω3 ∈ (0, 2) .
Matrix K corresponds to the transformation matrix to the central moment basis defined by

κ =
(
k(0), k(1), k(2)

)T
and is given by

K =

 1 1 1
−v1 1− v1 −v1 − 1
v21 (1− v1)

2 (v1 + 1)2

 .

The equilibrium central moments are defined by

κ(eq) = KM−1µ(eq),

i.e.,

κ(eq) =
(
ρ, 0, ρc2s

)T
.

2.3.2 Conservation of mass equation
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∂ρ
∂t + δlv1

δt

∂ρ
∂x1

+ ρδl
δt

∂v1

∂x1
+ (−1 + 3c2s + v21)

δ3l v1
12δt

∂3ρ
∂x3

1
+ (−1 + c2s + 3v21)

ρδ3l
12δt

∂3v1
∂x3

1
+

(−12c2sv
2
1ω3 − 2c2s − c4sω3 − 3v41ω3 + 6v41 − 6v21 + c2sω3 + 3v21ω3 + 2c4s + 24c2sv

2
1)

δ4l
24δtω3

∂4ρ
∂x4

1
+

(−4 + 6c2s + 10v21 − 3c2sω3 − 5v21ω3 + 2ω3)
ρδ4l v1
12δtω3

∂4v1

∂x4
1

= 0.

2.3.3 Conservation of momentum equation
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Complete expression of PDE that can be directly imported to Maxima:
1/12*(3*dt^(-1)*c_s^2*dl^3*u(t,x,y,z)-dt^(-1)*dl^3*u(t,x,y,z)+dt^(-1)*dl^3*u(t,x,y,z)^3)*D[1,1,1](rho)(t,x,y,z)-1/12*D[1,1,1,1](u)(t,x,y,z)*(4*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)*omega3^(-1)-6*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4*u(t,x,y,z)*omega3^(-1)-2*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)+3*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4*u(t,x,y,z)-10*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^3*omega3^(-1)+5*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^3)+1/12*D[1,1,1](u)(t,x,y,z)*(3*dt^(-1)*rho(t,x,y,z)*dl^3*u(t,x,y,z)^2+dt^(-1)*c_s^2*rho(t,x,y,z)*dl^3-dt^(-1)*rho(t,x,y,z)*dl^3)+D[0](rho)(t,x,y,z)+dt^(-1)*D[1](u)(t,x,y,z)*rho(t,x,y,z)*dl+dt^(-1)*dl*u(t,x,y,z)*D[1](rho)(t,x,y,z)+1/24*(24*dt^(-1)*c_s^2*dl^4*u(t,x,y,z)^2*omega3^(-1)+2*dt^(-1)*c_s^4*dl^4*omega3^(-1)+dt^(-1)*c_s^2*dl^4+3*dt^(-1)*dl^4*u(t,x,y,z)^2-6*dt^(-1)*dl^4*u(t,x,y,z)^2*omega3^(-1)-2*dt^(-1)*c_s^2*dl^4*omega3^(-1)-12*dt^(-1)*c_s^2*dl^4*u(t,x,y,z)^2-dt^(-1)*c_s^4*dl^4+6*dt^(-1)*dl^4*u(t,x,y,z)^4*omega3^(-1)-3*dt^(-1)*dl^4*u(t,x,y,z)^4)*D[1,1,1,1](rho)(t,x,y,z)=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dt^(-1)*dl*u
D[1](u)
	dt^(-1)*rho*dl
D[0](rho)
	1
D[1,1,1](rho)
	1/4*dt^(-1)*c_s^2*dl^3*u-1/12*dt^(-1)*dl^3*u+1/12*dt^(-1)*dl^3*u^3
D[1,1,1](u)
	1/4*dt^(-1)*rho*dl^3*u^2+1/12*dt^(-1)*c_s^2*rho*dl^3-1/12*dt^(-1)*rho*dl^3
D[1,1,1,1](rho)
	dt^(-1)*c_s^2*dl^4*u^2*omega3^(-1)+1/12*dt^(-1)*c_s^4*dl^4*omega3^(-1)+1/24*dt^(-1)*c_s^2*dl^4+1/8*dt^(-1)*dl^4*u^2-1/4*dt^(-1)*dl^4*u^2*omega3^(-1)-1/12*dt^(-1)*c_s^2*dl^4*omega3^(-1)-1/2*dt^(-1)*c_s^2*dl^4*u^2-1/24*dt^(-1)*c_s^4*dl^4+1/4*dt^(-1)*dl^4*u^4*omega3^(-1)-1/8*dt^(-1)*dl^4*u^4
D[1,1,1,1](u)
	-1/3*dt^(-1)*rho*dl^4*u*omega3^(-1)+1/2*dt^(-1)*c_s^2*rho*dl^4*u*omega3^(-1)+1/6*dt^(-1)*rho*dl^4*u-1/4*dt^(-1)*c_s^2*rho*dl^4*u+5/6*dt^(-1)*rho*dl^4*u^3*omega3^(-1)-5/12*dt^(-1)*rho*dl^4*u^3
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Complete expression of PDE that can be directly imported to Maxima:
D[1](u)(t,x,y,z)*(6*dt^(-1)*dl^2*u(t,x,y,z)^2*omega3^(-1)+dt^(-1)*dl^2-2*dt^(-1)*dl^2*omega3^(-1)-3*dt^(-1)*dl^2*u(t,x,y,z)^2+4*dt^(-1)*c_s^2*dl^2*omega3^(-1)-2*dt^(-1)*c_s^2*dl^2)*D[1](rho)(t,x,y,z)+u(t,x,y,z)*D[0](rho)(t,x,y,z)+(dt^(-1)*dl*u(t,x,y,z)^2+dt^(-1)*c_s^2*dl)*D[1](rho)(t,x,y,z)-1/12*D[1,1,1,1](u)(t,x,y,z)*(29*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^4-310*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^4*omega3^(-1)-24*dt^(-1)*c_s^4*rho(t,x,y,z)*dl^4*omega3^(-3)+dt^(-1)*rho(t,x,y,z)*dl^4+36*dt^(-1)*c_s^4*rho(t,x,y,z)*dl^4*omega3^(-2)-8*dt^(-1)*rho(t,x,y,z)*dl^4*omega3^(-1)+22*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4*omega3^(-1)-378*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^2*omega3^(-2)-252*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4*u(t,x,y,z)^2*omega3^(-1)+252*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^2*omega3^(-3)+36*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4*omega3^(-3)+648*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4*u(t,x,y,z)^2*omega3^(-2)-2*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4-54*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4*omega3^(-2)+154*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^2*omega3^(-1)-432*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4*u(t,x,y,z)^2*omega3^(-3)+18*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^4*u(t,x,y,z)^2+18*dt^(-1)*rho(t,x,y,z)*dl^4*omega3^(-2)-14*dt^(-1)*c_s^4*rho(t,x,y,z)*dl^4*omega3^(-1)-504*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^4*omega3^(-3)-14*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^2-12*dt^(-1)*rho(t,x,y,z)*dl^4*omega3^(-3)+dt^(-1)*c_s^4*rho(t,x,y,z)*dl^4+756*dt^(-1)*rho(t,x,y,z)*dl^4*u(t,x,y,z)^4*omega3^(-2))+2*dt^(-1)*D[1](u)(t,x,y,z)*rho(t,x,y,z)*dl*u(t,x,y,z)+1/12*(144*dt^(-1)*c_s^2*dl^3*u(t,x,y,z)^2*omega3^(-2)+7*dt^(-1)*dl^3*u(t,x,y,z)^4+12*dt^(-1)*c_s^4*dl^3*omega3^(-2)-36*dt^(-1)*dl^3*u(t,x,y,z)^4*omega3^(-1)+dt^(-1)*c_s^4*dl^3-12*dt^(-1)*c_s^2*dl^3*omega3^(-2)-36*dt^(-1)*dl^3*u(t,x,y,z)^2*omega3^(-2)+24*dt^(-1)*c_s^2*dl^3*u(t,x,y,z)^2+12*dt^(-1)*c_s^2*dl^3*omega3^(-1)+36*dt^(-1)*dl^3*u(t,x,y,z)^2*omega3^(-1)-7*dt^(-1)*dl^3*u(t,x,y,z)^2-dt^(-1)*c_s^2*dl^3+36*dt^(-1)*dl^3*u(t,x,y,z)^4*omega3^(-2)-12*dt^(-1)*c_s^4*dl^3*omega3^(-1)-144*dt^(-1)*c_s^2*dl^3*u(t,x,y,z)^2*omega3^(-1))*D[1,1,1](rho)(t,x,y,z)-1/6*D[1,1,1](u)(t,x,y,z)*(60*dt^(-1)*rho(t,x,y,z)*dl^3*u(t,x,y,z)^3*omega3^(-1)-11*dt^(-1)*rho(t,x,y,z)*dl^3*u(t,x,y,z)^3-5*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^3*u(t,x,y,z)+24*dt^(-1)*rho(t,x,y,z)*dl^3*u(t,x,y,z)*omega3^(-2)+4*dt^(-1)*rho(t,x,y,z)*dl^3*u(t,x,y,z)+36*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^3*u(t,x,y,z)*omega3^(-1)-36*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^3*u(t,x,y,z)*omega3^(-2)-24*dt^(-1)*rho(t,x,y,z)*dl^3*u(t,x,y,z)*omega3^(-1)-60*dt^(-1)*rho(t,x,y,z)*dl^3*u(t,x,y,z)^3*omega3^(-2))+D[0](u)(t,x,y,z)*rho(t,x,y,z)-1/2*(3*dt^(-1)*c_s^2*dl^2*u(t,x,y,z)-2*dt^(-1)*dl^2*u(t,x,y,z)^3*omega3^(-1)-6*dt^(-1)*c_s^2*dl^2*u(t,x,y,z)*omega3^(-1)+dt^(-1)*dl^2*u(t,x,y,z)^3+2*dt^(-1)*dl^2*u(t,x,y,z)*omega3^(-1)-dt^(-1)*dl^2*u(t,x,y,z))*D[1,1](rho)(t,x,y,z)-3*D[1](u)(t,x,y,z)^2*(dt^(-1)*rho(t,x,y,z)*dl^2*u(t,x,y,z)-2*dt^(-1)*rho(t,x,y,z)*dl^2*u(t,x,y,z)*omega3^(-1))+1/12*D[1,1,1,1](rho)(t,x,y,z)*(10*dt^(-1)*dl^4*u(t,x,y,z)^3+198*dt^(-1)*c_s^2*dl^4*u(t,x,y,z)*omega3^(-2)-216*dt^(-1)*dl^4*u(t,x,y,z)^5*omega3^(-2)-132*dt^(-1)*c_s^2*dl^4*u(t,x,y,z)*omega3^(-3)+144*dt^(-1)*dl^4*u(t,x,y,z)^5*omega3^(-3)-98*dt^(-1)*dl^4*u(t,x,y,z)^3*omega3^(-1)-dt^(-1)*dl^4*u(t,x,y,z)+404*dt^(-1)*c_s^2*dl^4*u(t,x,y,z)^3*omega3^(-1)+12*dt^(-1)*dl^4*u(t,x,y,z)*omega3^(-3)+82*dt^(-1)*c_s^4*dl^4*u(t,x,y,z)*omega3^(-1)-18*dt^(-1)*dl^4*u(t,x,y,z)*omega3^(-2)+8*dt^(-1)*dl^4*u(t,x,y,z)*omega3^(-1)+672*dt^(-1)*c_s^2*dl^4*u(t,x,y,z)^3*omega3^(-3)-216*dt^(-1)*c_s^4*dl^4*u(t,x,y,z)*omega3^(-2)-1008*dt^(-1)*c_s^2*dl^4*u(t,x,y,z)^3*omega3^(-2)-34*dt^(-1)*c_s^2*dl^4*u(t,x,y,z)^3+144*dt^(-1)*c_s^4*dl^4*u(t,x,y,z)*omega3^(-3)-5*dt^(-1)*c_s^4*dl^4*u(t,x,y,z)+234*dt^(-1)*dl^4*u(t,x,y,z)^3*omega3^(-2)-156*dt^(-1)*dl^4*u(t,x,y,z)^3*omega3^(-3)+90*dt^(-1)*dl^4*u(t,x,y,z)^5*omega3^(-1)-78*dt^(-1)*c_s^2*dl^4*u(t,x,y,z)*omega3^(-1)-9*dt^(-1)*dl^4*u(t,x,y,z)^5+6*dt^(-1)*c_s^2*dl^4*u(t,x,y,z))-1/2*D[1,1](u)(t,x,y,z)*(dt^(-1)*c_s^2*rho(t,x,y,z)*dl^2+3*dt^(-1)*rho(t,x,y,z)*dl^2*u(t,x,y,z)^2+2*dt^(-1)*rho(t,x,y,z)*dl^2*omega3^(-1)-dt^(-1)*rho(t,x,y,z)*dl^2-6*dt^(-1)*rho(t,x,y,z)*dl^2*u(t,x,y,z)^2*omega3^(-1)-2*dt^(-1)*c_s^2*rho(t,x,y,z)*dl^2*omega3^(-1))=0


List of all coefficients of each partial derivatives:
D[1](rho)
	dt^(-1)*dl*u^2+dt^(-1)*c_s^2*dl
D[1](u)
	2*dt^(-1)*rho*dl*u
D[0](rho)
	u
D[0](u)
	rho
D[1,1](rho)
	-3/2*dt^(-1)*c_s^2*dl^2*u+dt^(-1)*dl^2*u^3*omega3^(-1)+3*dt^(-1)*c_s^2*dl^2*u*omega3^(-1)-1/2*dt^(-1)*dl^2*u^3-dt^(-1)*dl^2*u*omega3^(-1)+1/2*dt^(-1)*dl^2*u
D[1,1](u)
	-1/2*dt^(-1)*c_s^2*rho*dl^2-3/2*dt^(-1)*rho*dl^2*u^2-dt^(-1)*rho*dl^2*omega3^(-1)+1/2*dt^(-1)*rho*dl^2+3*dt^(-1)*rho*dl^2*u^2*omega3^(-1)+dt^(-1)*c_s^2*rho*dl^2*omega3^(-1)
D[1,1,1](rho)
	12*dt^(-1)*c_s^2*dl^3*u^2*omega3^(-2)+7/12*dt^(-1)*dl^3*u^4+dt^(-1)*c_s^4*dl^3*omega3^(-2)-3*dt^(-1)*dl^3*u^4*omega3^(-1)+1/12*dt^(-1)*c_s^4*dl^3-dt^(-1)*c_s^2*dl^3*omega3^(-2)-3*dt^(-1)*dl^3*u^2*omega3^(-2)+2*dt^(-1)*c_s^2*dl^3*u^2+dt^(-1)*c_s^2*dl^3*omega3^(-1)+3*dt^(-1)*dl^3*u^2*omega3^(-1)-7/12*dt^(-1)*dl^3*u^2-1/12*dt^(-1)*c_s^2*dl^3+3*dt^(-1)*dl^3*u^4*omega3^(-2)-dt^(-1)*c_s^4*dl^3*omega3^(-1)-12*dt^(-1)*c_s^2*dl^3*u^2*omega3^(-1)
D[1,1,1](u)
	-10*dt^(-1)*rho*dl^3*u^3*omega3^(-1)+11/6*dt^(-1)*rho*dl^3*u^3+5/6*dt^(-1)*c_s^2*rho*dl^3*u-4*dt^(-1)*rho*dl^3*u*omega3^(-2)-2/3*dt^(-1)*rho*dl^3*u-6*dt^(-1)*c_s^2*rho*dl^3*u*omega3^(-1)+6*dt^(-1)*c_s^2*rho*dl^3*u*omega3^(-2)+4*dt^(-1)*rho*dl^3*u*omega3^(-1)+10*dt^(-1)*rho*dl^3*u^3*omega3^(-2)
D[1,1,1,1](rho)
	5/6*dt^(-1)*dl^4*u^3+33/2*dt^(-1)*c_s^2*dl^4*u*omega3^(-2)-18*dt^(-1)*dl^4*u^5*omega3^(-2)-11*dt^(-1)*c_s^2*dl^4*u*omega3^(-3)+12*dt^(-1)*dl^4*u^5*omega3^(-3)-49/6*dt^(-1)*dl^4*u^3*omega3^(-1)-1/12*dt^(-1)*dl^4*u+101/3*dt^(-1)*c_s^2*dl^4*u^3*omega3^(-1)+dt^(-1)*dl^4*u*omega3^(-3)+41/6*dt^(-1)*c_s^4*dl^4*u*omega3^(-1)-3/2*dt^(-1)*dl^4*u*omega3^(-2)+2/3*dt^(-1)*dl^4*u*omega3^(-1)+56*dt^(-1)*c_s^2*dl^4*u^3*omega3^(-3)-18*dt^(-1)*c_s^4*dl^4*u*omega3^(-2)-84*dt^(-1)*c_s^2*dl^4*u^3*omega3^(-2)-17/6*dt^(-1)*c_s^2*dl^4*u^3+12*dt^(-1)*c_s^4*dl^4*u*omega3^(-3)-5/12*dt^(-1)*c_s^4*dl^4*u+39/2*dt^(-1)*dl^4*u^3*omega3^(-2)-13*dt^(-1)*dl^4*u^3*omega3^(-3)+15/2*dt^(-1)*dl^4*u^5*omega3^(-1)-13/2*dt^(-1)*c_s^2*dl^4*u*omega3^(-1)-3/4*dt^(-1)*dl^4*u^5+1/2*dt^(-1)*c_s^2*dl^4*u
D[1,1,1,1](u)
	-29/12*dt^(-1)*rho*dl^4*u^4+155/6*dt^(-1)*rho*dl^4*u^4*omega3^(-1)+2*dt^(-1)*c_s^4*rho*dl^4*omega3^(-3)-1/12*dt^(-1)*rho*dl^4-3*dt^(-1)*c_s^4*rho*dl^4*omega3^(-2)+2/3*dt^(-1)*rho*dl^4*omega3^(-1)-11/6*dt^(-1)*c_s^2*rho*dl^4*omega3^(-1)+63/2*dt^(-1)*rho*dl^4*u^2*omega3^(-2)+21*dt^(-1)*c_s^2*rho*dl^4*u^2*omega3^(-1)-21*dt^(-1)*rho*dl^4*u^2*omega3^(-3)-3*dt^(-1)*c_s^2*rho*dl^4*omega3^(-3)-54*dt^(-1)*c_s^2*rho*dl^4*u^2*omega3^(-2)+1/6*dt^(-1)*c_s^2*rho*dl^4+9/2*dt^(-1)*c_s^2*rho*dl^4*omega3^(-2)-77/6*dt^(-1)*rho*dl^4*u^2*omega3^(-1)+36*dt^(-1)*c_s^2*rho*dl^4*u^2*omega3^(-3)-3/2*dt^(-1)*c_s^2*rho*dl^4*u^2-3/2*dt^(-1)*rho*dl^4*omega3^(-2)+7/6*dt^(-1)*c_s^4*rho*dl^4*omega3^(-1)+42*dt^(-1)*rho*dl^4*u^4*omega3^(-3)+7/6*dt^(-1)*rho*dl^4*u^2+dt^(-1)*rho*dl^4*omega3^(-3)-1/12*dt^(-1)*c_s^4*rho*dl^4-63*dt^(-1)*rho*dl^4*u^4*omega3^(-2)
D[1](rho)  *  D[1](u)
	6*dt^(-1)*dl^2*u^2*omega3^(-1)+dt^(-1)*dl^2-2*dt^(-1)*dl^2*omega3^(-1)-3*dt^(-1)*dl^2*u^2+4*dt^(-1)*c_s^2*dl^2*omega3^(-1)-2*dt^(-1)*c_s^2*dl^2
D[1](u)  *  D[1](u)
	-3*dt^(-1)*rho*dl^2*u+6*dt^(-1)*rho*dl^2*u*omega3^(-1)
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v1
∂ρ
∂t + ρ∂v1

∂t + (c2s + v21)
δl
δt

∂ρ
∂x1

+ 2ρδlv1
δt

∂v1

∂x1
+ (−2 + 4c2s + 6v21 − 2c2sω3 − 3v21ω3 + ω3)

δ2l
δtω3

∂ρ
∂x1

∂v1

∂x1
+

(2− ω3)
3ρδ2l v1
δtω3

(
∂v1

∂x1

)2
+ (−2 + 6c2s + 2v21 − 3c2sω3 − v21ω3 + ω3)

δ2l v1
2δtω3

∂2ρ
∂x2

1
+

(−2 + 2c2s + 6v21 − c2sω3 − 3v21ω3 + ω3)
ρδ2l

2δtω3

∂2v1
∂x2

1
+ C1

δ3l
12δtω2

3

∂3ρ
∂x3

1
+

(−24 + 36c2s + 5c2sω
2
3 + 11v21ω

2
3 + 60v21 − 36c2sω3 − 60v21ω3 − 4ω2

3 + 24ω3)
ρδ3l v1

6δtω2
3

∂3v1
∂x3

1
+ C2

δ4l v1
12δtω3

3

∂4ρ
∂x4

1
+

C3
ρδ4l

12δtω3
3

∂4v1
∂x4

1
= 0,

where:

C1 = c4sω
2
3 − 144c2sv

2
1ω3 +7v4

1ω
2
3 − 12c2s +24c2sv

2
1ω

2
3 − 12c4sω3 − 36v4

1ω3 +36v4
1 − c2sω

2
3 − 7v2

1ω
2
3 − 36v2

1 +12c2sω3 +36v2
1ω3 +12c4s +144c2sv

2
1

C2 = 12 + 82c4sω
2
3 − 1008c2sv

2
1ω3 + 90v4

1ω
2
3 − 132c2s − 9v4

1ω
3
3 − 5c4sω

3
3 − 34c2sv

2
1ω

3
3 + 404c2sv

2
1ω

2
3 − 216c4sω3 − 216v4

1ω3 + 144v4
1 + 10v2

1ω
3
3 +

6c2sω
3
3 − 78c2sω

2
3 − 98v2

1ω
2
3 − 156v2

1 + 198c2sω3 + 234v2
1ω3 − ω3

3 + 8ω2
3 + 144c4s + 672c2sv

2
1 − 18ω3

C3 = 12 + 14c4sω
2
3 − 648c2sv

2
1ω3 + 310v4

1ω
2
3 − 36c2s − 29v4

1ω
3
3 − c4sω

3
3 − 18c2sv

2
1ω

3
3 + 252c2sv

2
1ω

2
3 − 36c4sω3 − 756v4

1ω3 + 504v4
1 + 14v2

1ω
3
3 +

2c2sω
3
3 − 22c2sω

2
3 − 154v2

1ω
2
3 − 252v2

1 + 54c2sω3 + 378v2
1ω3 − ω3

3 + 8ω2
3 + 24c4s + 432c2sv

2
1 − 18ω3

3 Comparison of SRT, MRT, and CLBM

3.1 Conservation of mass equation

∂ρ
∂t + v1

δl
δt

∂ρ
∂x1

+ ρ δl
δt

∂v1

∂x1
+ (−1 + 3c2s + v21)

v1
12

δ3l
δt

∂3ρ
∂x3

1
+ (−1 + c2s + 3v21)

ρ
12

δ3l
δt

∂3v1
∂x3

1
+ C

(0)
D4

xρ
δ4l
δt

∂4ρ
∂x4

1
+ C

(0)
D4

xv1

δ4l
δt

∂4v1
∂x4

1

= 0,

where:

coefficient C
(0)

D4
xρ

at ∂4ρ

∂x4
1
:

C
(0),SRT

D4
xρ

= (6v4
1 + 24c2sv

2
1 + c2sω − 12c2sωv2

1 − 2c2s − 3ωv4
1 + 2c4s + 3ωv2

1 − 6v2
1 − c4sω) 1

24ω

C
(0),MRT1

D4
xρ

= (6v4
1 + c2sω3 + 24c2sv

2
1 − 2c2s + 3v2

1ω3 + 2c4s − c4sω3 − 12c2sv
2
1ω3 − 6v2

1 − 3v4
1ω3)

1
24ω3

C
(0),CLBM1

D4
xρ

= C
(0),MRT1

D4
xρ

coefficient C
(0)

D4
xv1

at
∂4v1
∂x4

1
:

C
(0),SRT

D4
xv1

= (−4 − 3c2sω + 2ω + 6c2s − 5ωv2
1 + 10v2

1)
v1ρ
12ω

C
(0),MRT1

D4
xv1

= (−4 − 3c2sω3 + 6c2s − 5v2
1ω3 + 10v2

1 + 2ω3)
v1ρ
12ω3

C
(0),CLBM1

D4
xv1

= C
(0),MRT1

D4
xv1

3.2 Conservation of momentum equation

v1
∂ρ
∂t + ρ∂v1

∂t + (c2s + v21)
δl
δt

∂ρ
∂x1

+ 2v1ρ
δl
δt

∂v1

∂x1
+ C

(1)
Dxρ,Dxv1

δ2l
δt

∂ρ
∂x1

∂v1
∂x1

+ C
(1)
Dxv1,Dxv1

δ2l
δt

(
∂v1
∂x1

)2
+ C

(1)
D2

xρ
δ2l
δt

∂2ρ
∂x2

1
+

C
(1)
D2

xv1

δ2l
δt

∂2v1

∂x2
1

+ C
(1)
D3

xρ
δ3l
δt

∂3ρ
∂x3

1
+ C

(1)
D3

xv1

δ3l
δt

∂3v1
∂x3

1
+ C

(1)
D4

xρ
δ4l
δt

∂4ρ
∂x4

1
+ C

(1)
D4

xv1

δ4l
δt

∂4v1
∂x4

1
= 0,

where:
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coefficient C
(1)
Dxρ,Dxv1

at ∂ρ
∂x1

∂v1
∂x1

:

C
(1),SRT
Dxρ,Dxv1

= (−2 − 2c2sω + ω + 4c2s − 3ωv2
1 + 6v2

1)
1
ω

C
(1),MRT1
Dxρ,Dxv1

= (−2 − 2c2sω3 + 4c2s − 3v2
1ω3 + 6v2

1 + ω3)
1
ω3

C
(1),CLBM1
Dxρ,Dxv1

= C
(1),MRT1
Dxρ,Dxv1

coefficient C
(1)
Dxv1,Dxv1

at
(

∂v1
∂x1

)2
:

C
(1),SRT
Dxv1,Dxv1

= (2 − ω)
3v1ρ
ω

C
(1),MRT1
Dxv1,Dxv1

= (2 − ω3)
3v1ρ
ω3

C
(1),CLBM1
Dxv1,Dxv1

= C
(1),MRT1
Dxv1,Dxv1

coefficient C
(1)

D2
xρ

at ∂2ρ

∂x2
1
:

C
(1),SRT

D2
xρ

= (−2 − 3c2sω + ω + 6c2s − ωv2
1 + 2v2

1)
v1
2ω

C
(1),MRT1

D2
xρ

= (−2 − 3c2sω3 + 6c2s − v2
1ω3 + 2v2

1 + ω3)
v1
2ω3

C
(1),CLBM1

D2
xρ

= C
(1),MRT1

D2
xρ

coefficient C
(1)

D2
xv1

at
∂2v1
∂x2

1
:

C
(1),SRT

D2
xv1

= (−2 − c2sω + ω + 2c2s − 3ωv2
1 + 6v2

1)
ρ
2ω

C
(1),MRT1

D2
xv1

= (−2 − c2sω3 + 2c2s − 3v2
1ω3 + 6v2

1 + ω3)
ρ

2ω3

C
(1),CLBM1

D2
xv1

= C
(1),MRT1

D2
xv1

coefficient C
(1)

D3
xρ

at ∂3ρ

∂x3
1
:

C
(1),SRT

D3
xρ

= (36v4
1−c2sω

2+144c2sv
2
1−7ω2v2

1+12c2sω−144c2sωv2
1−12c2s−36ωv4

1+12c4s+c4sω
2+7ω2v4

1+36ωv2
1+24c2sω

2v2
1−36v2

1−12c4sω) 1
12ω2

C
(1),MRT1

D3
xρ

=

(−7v2
1ω

2
3 +36v4

1 +12c2sω3 +144c2sv
2
1 − c2sω

2
3 −12c2s +36v2

1ω3 +12c4s +7v4
1ω

2
3 −12c4sω3 −144c2sv

2
1ω3 +24c2sv

2
1ω

2
3 + c4sω

2
3 −36v2

1 −36v4
1ω3)

1

12ω2
3

C
(1),CLBM1

D3
xρ

= C
(1),MRT1

D3
xρ

coefficient C
(1)

D3
xv1

at
∂3v1
∂x3

1
:

C
(1),SRT

D3
xv1

= (−24 + 5c2sω
2 + 11ω2v2

1 − 36c2sω + 24ω + 36c2s − 60ωv2
1 + 60v2

1 − 4ω2)
v1ρ

6ω2

C
(1),MRT1

D3
xv1

= (−24 + 11v2
1ω

2
3 − 36c2sω3 + 5c2sω

2
3 + 36c2s − 60v2

1ω3 − 4ω2
3 + 60v2

1 + 24ω3)
v1ρ

6ω2
3

C
(1),CLBM1

D3
xv1

= C
(1),MRT1

D3
xv1

coefficient C
(1)

D4
xρ

at ∂4ρ

∂x4
1
:

7



C
(1),SRT

D4
xρ

= (12 + 10ω3v2
1 + 6c2sω

3 + 144v4
1 − 78c2sω

2 + 672c2sv
2
1 − 98ω2v2

1 + 198c2sω − 1008c2sωv2
1 − 18ω − 132c2s − 216ωv4

1 + 144c4s +

82c4sω
2 + 90ω2v4

1 + 234ωv2
1 + 404c2sω

2v2
1 − 5c4sω

3 − ω3 − 9ω3v4
1 − 156v2

1 − 216c4sω + 8ω2 − 34c2sω
3v2

1)
v1

12ω3

C
(1),MRT1

D4
xρ

= (12 + 10v2
1ω

3
3 − 98v2

1ω
2
3 + 144v4

1 + 198c2sω3 + 672c2sv
2
1 − 78c2sω

2
3 − 132c2s + 234v2

1ω3 + 6c2sω
3
3 + 144c4s + 90v4

1ω
2
3 − 216c4sω3 +

8ω2
3 − 9v4

1ω
3
3 − ω3

3 − 1008c2sv
2
1ω3 − 5c4sω

3
3 + 404c2sv

2
1ω

2
3 + 82c4sω

2
3 − 156v2

1 − 34c2sv
2
1ω

3
3 − 216v4

1ω3 − 18ω3)
v1

12ω3
3

C
(1),CLBM1

D4
xρ

= C
(1),MRT1

D4
xρ

coefficient C
(1)

D4
xv1

at
∂4v1
∂x4

1
:

C
(1),SRT

D4
xv1

= (12 + 14ω3v2
1 + 2c2sω

3 + 504v4
1 − 22c2sω

2 + 432c2sv
2
1 − 154ω2v2

1 + 54c2sω − 648c2sωv2
1 − 18ω − 36c2s − 756ωv4

1 + 24c4s + 14c4sω
2 +

310ω2v4
1 + 378ωv2

1 + 252c2sω
2v2

1 − c4sω
3 − ω3 − 29ω3v4

1 − 252v2
1 − 36c4sω + 8ω2 − 18c2sω

3v2
1)

ρ

12ω3

C
(1),MRT1

D4
xv1

= (12 + 14v2
1ω

3
3 − 154v2

1ω
2
3 + 504v4

1 + 54c2sω3 + 432c2sv
2
1 − 22c2sω

2
3 − 36c2s + 378v2

1ω3 + 2c2sω
3
3 + 24c4s + 310v4

1ω
2
3 − 36c4sω3 +

8ω2
3 − 29v4

1ω
3
3 − ω3

3 − 648c2sv
2
1ω3 − c4sω

3
3 + 252c2sv

2
1ω

2
3 + 14c4sω

2
3 − 252v2

1 − 18c2sv
2
1ω

3
3 − 756v4

1ω3 − 18ω3)
ρ

12ω3
3

C
(1),CLBM1

D4
xv1

= C
(1),MRT1

D4
xv1
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